LPTENS-91/35, NBI-HE-91-50 
January 1992 



CLASSICAL An-W-GEOMETRY 



Jean-Loup GERVAIS 

Laboratoire de Physique Theorique de I'Ecole Normale Superieure|^, 
24 rue Lhomond, 75231 Paris CEDEX 05, France, 
and 

Yutaka MATSUO0 

Niels Bohr Institute, University of Copenhagen, 

Blegdamsvej 17, DK-2100 Copenhagen 0, Denmark. 
WTeX file available from hepth@xxx.Lanl.GOV 



Abstract 

W-surfaces||l[ in CT'" are studied by discussing 1) the extrinsic geometries of chiral surfaces 
(Frenet-Serret and Gauss-Codazzi equations) 2) the KP coordinates (W-parametrizations) of 
the target-manifold, and their fermionic (tau-function) description, 3) the intrinsic geometries 
of the associated chiral surfaces in the Grassmannians, and the associated higher instanton- 
numbers of W-surfaces. For regular points, the Frenet-Serret equations for CP^-W-surfaces 
are shown to give the geometrical meaning of the A„-Toda Lax pair, and of the associated 
conformally-reduced WZNW models, and Drinfeld-Sokolov equations. KP coordinates are used 
to show that W-transformations may be extended as particular diffeomorphisms of the target- 
space. The resulting W-parametrizations of CV^ provide solutions of equations which come 
out as higher-dimensional generalizations of the WZNW and Drinfeld-Sokolov equations. These 
are related with the Zakharov-Shabat equations of the Toda hierarchy by means of the Frenet- 
Serret formulae for KP coordinates. Singular points are next studied from the third viewpoint 
mentionned above. Global Pliicker formulae are derived by combining the A„-Toda equations 
with the Gauss-Bonnet theorem written for each of the associated surfaces. These relations 
involve ramification-indices that are connected with instanton-numbers, with singularities of 
the Drinfeld-Sokolov equations, and with Polyakov's self-intersection-index. 
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1 Introduction 

The intimate relationship [Q] between conformal Toda field theories^ and W-symmetries[0] 
is well known by now. In a recent letter [|l|, we introduced W-surfaces as two-dimensional 
surfaces S with chiral parametrizations embedded into Kahler manifolds. In the present 
article we develop the arguments previously summarized in for the cases connected with 
the Lie algebras An (It is well known that W symmetries are classified in parallel with 
standard Lie groups). We will show that the geometry of Wn+i algebras is that of chiral 
surfaces embedded into complex projective spaces with 2n real dimensions, and describe 
its deep connection with the KP hierachy of integrable dynamics. From the start, our 
geometrical viewpoint seems to be different from the one of most of the interesting papers 
which appeared recently about W-algebras (see, for instance refs.[0 — [|13|), even if there is 
some clear relationship with refs.[|] and with an earlier article on Toda theories [Q. 
Yet we believe that our work will provide a unifying framework for W-systems. 

Since this article contains many differents points developed one after the other, we present 
it as a succession of theorems, propositions, and so on, for clarity. Yet the language should be 
familiar to physicists of the field. The body of the paper is divided into three main sections 
after the present introduction which is called section 1. 

The main section 2 deals with the regular points of a W-surface S where the Taylor 
expansions of the coordinates of the surface generate linearly independant vectors. At first 
( section 2.1 ) the Gauss-Codazzi equations [^] are written down, for chiral embeddings in 
C". Since the tangents and normals are computed from Taylor expansions, these equations 
may also be considered as generalized Frenet-Serret relations. The expression of this moving 
frame involve determinants of matrices whose entries are inner products of derivatives of 
the embedding functions. The logarithms of these determinants are shown to be Toda-like 



fields, since the Gauss-Codazzi-Frenet-Serret equations give a Toda Lax-pair|]T6[ connected 
with the algebra of the linear group gl{n) = gl{l)(BAn-i. Next, in section 2.2 , we reformulate 
our scheme in such a way that this additional gl{l) is identified with the rescaling used in 
order to describe CV"^ by homogeneous coordinates in C""*"^. This allows us to derive the 
geometry of the CP'^-W-surfaces which are shown to be associated with the standard An 



Toda theories. The latter were recently related to the conformally reduced WZNW 



models. In section 2.3 , we show that there is a complete equivalence between these last 
models and W-surfaces in CP". The generalized Frenet-Serret formula derived in section 2.2 
is connected with the Gauss decomposition of the solution of the WZNW equations. This 



gives the geometrical meaning of this decomposition which plays a crucial role in [jT7|. 

The main section 3 deals with the introduction of higher KP coordinates. First, the 
present geometrical interpretation makes a frequent use of determinants, so that it is natural 
to introduce fermionic operators. Another motivation in the same direction is that the un- 
derlying dynamics is connected with the higher KP systems where the free-fermion approach 
is remarkably successful. Section 3.1 describes the basic points of this approachfl^ where 
all the expressions introduced so far are rewritten as matrix elements between free-fermion 
states. Remarkably, the summations over products of such matrix elements which one needs 
to carry out may be handled by means of the Hirota equation |TP|, which we prove in this sec- 



tion, for completeness. This equation becomes easy to handle once it is re-interpreted in the 
free-fermion language. Next, in section 3.2 , we use this free-fermion approach to introduce 
the additional coordinates of the KP hierarchy in CP^-W-surfaces. They give particular 



^We only deal with conformal Toda theories, in the present article. They will simply be called Toda 
theories 
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parametrizations of the target-manifold. (We call them W-parametrizations) . They are 
such that the W-surface is simply recovered by letting all additional KP coordinates equal 
to zero. They allow us to extend the W-transformations to the target-space, obtaining a 
special class of diffeomorphisms. In section 3.3 . we next study the W-parametrizations from 
the viewpoint of the Toda hierarchy. The link between Riemannian geometry and the latter 
is established by showing that the integrability conditions for W-parametrizations coincide 
with the Zakharov-Shabat equations. The proof of this striking fact is neatly carried out 
using the free-fermion technics described in section 3.1. This is a natural consequence of the 
duality between the Zakharov-Shabat and the Hirota formulations of the Toda hierarchy. 
Next, in section 3.4 . it is noted that the W-parametrizations are chiral in the sense that 
the coordinate-functions only depend upon half of the variables. Thus the metric-tensor is 
shown to be factorized into chiral and anti-chiral components in 2n variables, and this gives 
a higher dimensional analogue of the WZNW equations for the Christoffel symbols, together 



with a natural generalization of the Drinfeld-Sokolov equations pO 



Concerning the main section 4 . we first (in section 4.1 ) reformulate our approach in terms 
of the intrinsic geometry of the family of associated surfaces in the Grassmannians Gn+i,k+i, 
k = 1, ■ ■ ■ , n. This is needed to study singular points and global aspects of W-surfaces 
following the general scheme of our letter |l[]. The aim is to establish the generalization of 
the Gauss-Bonnet theorem to the W-surfaces discussed above. In section 4.2 , we recall the 
definition of the instanton-number of a W-surface, given in Ref. [|l|. At singular points, 
there are obstructions to constructing the moving frame. In section 4.3 , we define the cor- 
responding ramification-indices and study the behavior of the tau-functions. In section 4.4 , 
the singularity structure of the Drinfeld-Sokolov operator |2^ is related to these indices. In 
section 4.5 , we introduce a family of instanton-numbers by applying the definition of section 
4.2 to each associated surface. In this way, we associate n higher topological invariants to a 
given CP" W-surface. Applying the Gauss-Bonnet theorem to each associated surface, we 
observe that the infinitesimal Pliicker formula coincides with the Toda equation, and de- 
rive the relationship between the ramification-indices and higher instanton-numbers (global 
Pliicker formula for W-surfaces). Next, in section 4.6 these higher instanton-numbers are 
shown to generalize the self-intersection numbers of ref. . 

In the main section 5 , an outlook of the present work is presented. The appendix involves 
four sections. First, in appendix A.l we derive the Frenet-Serret formula using the Fubini- 



Study metric p2|. This provides an example where the target-space metric is not flat from 



the beginning. In appendix A. 2, the bosonization of the KP free-fermions is displayed for 
completeness. Next we recall that the free-fermion approach is very general and goes far 
beyond the CV^ case we have discussed. For example, one may get to a completely different 
situation by redefining the vacuum, that is by introducing a non-empty Fermi sea. This 
is how free fermions appeared at D = 1 in particular. Making a step in this direction in 
appendix A. 3, we establish a "dictionary" between the present language and the discrete 
formulation of the matrix-models. Finally, in appendix A. 4, we take a different viewpoint 
in order to pave the way towards explicit generalizations of the present work. So far, we 
have seen group theory (y4„-Toda dynamics) coming from the geometry. We reverse the 
process and start from target-manifolds which have a geometrical meaning since they are 
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coset spaces. Looking at the explicit solution of the Toda equations [ffBI, it is clear that the 



most natural manifolds of this type are the group-orbits of the fundamental weights and, 
for An, we obtain the Grassmannians which were the framework of the last main section. 
Thus, considering similar coset-spaces for other Lie groups, should be helpful to generalize 
the present discussion. 

Before beginning our journey through the W-geometrical landscape, we note that it is 
quite attractive an idea that it comes out from the geometry of embeddings. Indeed, 2D 
conformal systems are notoriously related to string theories, and the present viewpoint goes 
in the same direction. It is compatible with the fact that W-strings||2^, if they exist, may 
come out spontaneously when one looks for the true vacuum of the much-wanted string- 
theory of Nature. 



2 Local structure of the embedding at regular points 
2.1 The Gauss-Codazzi — Frenet-Serret equations 

In this section we only deal with trivial target-manifolds. This will be used later on to deal 
with complex projective spaces. 

Definition 1 target-manifolds. They will be taken to be Riemannian manifolds 
with 2n real dimensions, noted C", whose points represented by boldface letters X, have 
components X—, A = l,---,2n. R is assumed that 

1) there exists a prefered class of coordinates X^, X"^ , 1 < A, A < n, such that the line- 
element takes the form ds"^ = 2 J2a dX^dX^, 

2) there exists a conjugation- operation noted with a star such that: 

2n 

{x^Y=Y.Cix^ (2.1) 

B=l 

which leaves the line-element invariant. 



This is very close to the standard definition of C^, but, contrary to the commmon pratice, 
we do not assume, that X^ and X^ are complex coordinates such that (X"^)* = X^. Our 
past knowledge of string theory shows that one must be more flexible. For instance, if we 
think of a string in a constant Minkowski- metric, the components that involve the time- 
direction, say X° and X^ , are real, (more about this at the end if this section). We shall call 
chiral (resp. anti-chiral) components, the set {X^, 1 < A <n] (resp. {X^, 1 < ^ < n}). 

Our basic strategy is to study embeddings of two-dimensional surfaces S with chiral 
parametrizations. This chirality is defined with respect to surface parameters noted z and 
z. On the surface, we shall make use of a trival two-dimensional complex structure of the 
usual type. However, taking z to be a standard complex variable is not the only choice. It 
corresponds to a Euclidean parametrization where the real coordinates are xi = {z + ^)/2, 
and X2 = {z — z)/2i. Another possibility is to be working with real surface-parameters. Then, 
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as it is well known, the square-root of —1 is represented by the matrix [ i g j ^'^^i'^S ^^e 
two-component vector The "real", and "imaginary parts" are now xq = {z + z)/2, 

xi — {z — z)/2. This parametrization is of the Minkowski type, where xq is a time-like 
parameter. 

Next, a function is called chiral if it only depends upon one of the two coordinates z or 
z (if z is a complex variable this means of course analytic or anti- analytic). A basic object 
of the present W-geometry is specified by the 

Definition 2 C" W-surfaces. A W-surface is a two-dimensional manifold E with a 
chiral embedding into with an emphasis on its extrinsic geometry. A chiral embedding is 
defined by equations of the form 

X^^f\z),A^l,-.-,n, X^^f\z),A^l,-.-,n. (2.2) 

We do not assume any general link between the conjugation in C" and in the surface- 
parameter-space. Thus f"^ and f"^ are independent functions. For string applications this 
is needed, basically, since the two chiral components may be associated with the right- and 
left-moving modes which are independent if the string is closed. We shall give an example 
of this fact, at the end of the section, by considering the case of free bosonic strings. 

Our first result is that Toda field-equations naturally arise from the Gauss-Codazzi equa- 
tions of the chiral embedding of W-surfaces. These equations are integrability conditions for 
derivatives of the tangents and of the normals to the surface. The latter are introduced by 
extending Prenet-Serret formulae as follows. At each point of the surface, one considers the 
Taylor expansion of f^ and f^ up to nth order, and introduce the corresponding matrix of 
inner products: 

g,i^gij=Y.^AB d^'^f\z)d^^P{z), l<i,j<n. (2.3) 

AB 

d and d are short hands for d/dz and d/dz respectively. 9^*^ stands for (9)*. Later on we 
shall exhibit a particular parametrization of C", called W-paramctrization, where the vectors 
Q{i-)jA(^z). i > \, and d^^^f^{z), J > 1 will become tangent vectors, so that the covariance 
properties of the present discussion will become more transparent. At this moment, we are 
concerned with generic regular points of E where the Taylor expansions of f^ and give 
linearly independent vectors. Then f*^"), and f*^"^, a — 1, ■ ■ ■, n, (upper indices in between 
parenthesis denote derivatives) span the following 

Definition 3 Moving frame. Consider the vectors e^, and ea, a = 1, - ■ ■ ,n, with compo- 
nents 

ef = 0, (2.4) 



9ii 



jiDA 



9al 

9a'a-i 
j{a)A 
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= 0, 



9ii 



9la-l 



gal 



Qaa-l 
J{a)A 



(2.5) 



A(j is the determinant 



9ll ■■■ 9al 
9la ' ' ' Qaa 

Denote by (x, y) the inner product + y'^x'^). One has the 

Proposition 1 The moving frame defined above is orthonormal, that is 

(e^, eb) = [ea, e?,) = 0, (e^, e^) = 5a,b- 
Proof These last relations immediately follow from the fact that 

(e„, f(^)) = 0, and (e„, f (^)) =0 for a > 6 



(2.6) 



together with the definition Eq.^ of A^. Q.E.D. 

For the following it is important to note that, according to Eq. p.8| , Eqs 
form 



b<a 
b<a 



Aa 

^A^ 
A. 



f(^)(^ 



with Cn 



with Aa 



1. 



(2.7) 

(2.8) 
27^ take the 
(2.9) 

(2.10) 



This equation is also valid for a = 1 if we define Aq to be equal to one, as we shall do. The 
vectors ei and ei are tangents to the surface, while the other vectors are clearly normals. 
Thus the Gauss-Codazzi equations may be derived by studying their derivatives along E. 
The main result of the present section is the 

Theorem 1 Generalized Prenet-Serret formulae. 

The derivative of the moving frame is given by 



dea 
den 

Be I 



-din 



-din \ 

— 9 In 
2 

1 



' Aa ^ 
Aa-1^ 

' A„ ' 

An-l. 

■ A„ 



ea 



'Aa-lA 



a+1 



ea+1, a<n-l. 



Aa-iy " \ AL 



Aa-2Aa 



ea-1, 2 < a. 



-91n(Ai)ei, 



(2.11) 



with similar equations for e. 
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Proof: It is easy to see that these derivatives may be written as 

= J2 RabGb, = J2 ^abGb; = ^ab^b, = J2 ^^ibeb- (2.12) 

b b b b 



According to Eg . 12 .71 , one has 



Rab + Sba — Rab + Si 



Jba 



0. 



(2.13) 



Since di^""^ = di^""^ = 0, it follows from Eqs.|2j, U, |2l| that Sab and Sab vanish for a < b. 
Moreover, it is easy to verify that ^e^ and ^e^ may be respectively expanded in terms of f*-^-* 
and f with b < a + 1 only. Thus Rab and Rab vanish for b > a + 1. Combining with Eg . p. 13 



one sees that the only non- vanishing elements are Raa+i = f^a, Raa+i = K,a, hi a < n — 1, 
and Raa = o'a, Raa = 0"^, for o < Ti. Eg. |2.12| becomes 



dea = KaGa+l + (Ta^a, OSa = -(TaBa - Ka-l^a-l 
dea = Kaea+l + O^aea, OCa = -CTaGa - Ka-lBa-l- 



Making use of Eqs.p.8|, 2.9, 2.10, one next easily obtains 



idea,ea) = \dln(^^ 



-idea, ea) = -d\n ( 



Ha = {dea,ea+i] 



(,dea,ea 



+1, 



(2.14) 
(2.15) 

(2.16) 
(2.17) 



and the proof is completed by using the fact that the e's and e's form a complete basis. 
Q.E.D. 

This theorem generalizes, for W-surfaces, the Frenet-Serret formulae which are standard 
for curves. Eqs.^TTT] have a form which is closely related to the An-i Toda equations, if we 
define the Toda-like fields by 



ba = -ln{Aa), fora = l, 



(2.18) 



This may be neatly expressed as follows. As is well known, the Lie algebra may be 

explicitly realized with n fermionic operators bj, which satisfy [bi,b^]_,_ = 6ij. One writes 



hi 



■ n — 1, 



(2.19) 



in the Chevalley basis where hi generate the Cartan subalgebra, and E±i are associated with 
the standard set of primitive roots. The basic difference in our case is that, contrary to the 
74„_i-Toda case, 0„ is not zero, and we need another "Cartan" generator 



hr. 



(2.20) 



which is realized by the fermionic operators but does not belong to A^-i- Altogether, the 
generators we have introduced satisfy the commutation relations 



[hi, E, 



^j,k hj , 



f2.211 
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where i goes from 1 to n, while j and k run from 1 to n — 1. Concerning Lie algebras, we 
denote by gl{n) the Lie algebra of n x n matrices (Lie algebra of the linear group). The 
matrix K^j^"'^ may be regarded as the n x n Cartan matrix of gl{n) ~ v4„_i © gl{^)- For i 
and j between 1 and — 1, it coincides with the Cartan matrix of An-i, and 

Kf!r^ = -Sj,n^i. (2.22) 

The reality conditions are most simply discussed with Minkowski surface parameters {z and z 
real). Then one is using the most non-compact real form of the Lie algebras we encounter. In 
particular, the Lie group associated with gl{l) is the multiplication by real positive numbers. 
This should be understood from now on. Let us go back to Eq. |2.11| . Together with the anti- 
chiral parts, it takes the form 

dea = ^za^b, dea = ^ uj-^^ef,, dea = ^L^b, dea = ^ u^^^b- (2.23) 

b b b b 



It follows trivially from Eq.[2?^ that tu^^ + tu^f, = and + wf^ = 0. The generators p. 19 
2.20| commute with the number operator = Y.7=i K'^i- The subspace with N = 1 has 
dimension n. We identify it with the space span by the and write 

u;i',=<0|b,^,b+|0>, ^i',=<0|b,^,b+|0>, (2.24) 

where |0 > is the vacuum state of the oscillators bj. Using the formulae just given, one sees 
that Eq. p.ll is equivalent to 



1 n n—1 I n 

= E h^^ct^^ + E exp E <'^"V,/2 I E^, 

^ i=l i=l \j=l 



-| n n—1 I n 

= ^ E - E E "V,/2 I E,. (2.25) 
^ 1=1 1=1 \j=i 



Remarkably, one sees that the right member is just the Toda Lax-pair |T6[. Toda equations 
are equivalent to the zero-curvature condition on u. Let us remember that, in the language of 
Riemannian geometry [p!5[] , the associated second fundamental form is given by the projection 
of the derivatives of the tangent vectors onto the normals. Its non- vanishing components are 

(a^f, e.) ^ fiL = 6a,2 {B'l ^ = <5a,2 ^ (2.26) 

where a ^ 1. Similarly, the third fundamental form is given by the projection of the deriva- 
tives of the normals: 



{dea,eb) = ^L, {dea,eb) =ujI^ 

{dea,eb) = ul, {dea,eb)=ul, (2.27) 
where a, b >2. Going to the second derivatives, we next derive the 
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Theorem 2 Gauss-Codazzi equations. 

The integrahility conditions of the Frenet-Serret equations Eqs \2.11\ coincide with the Toda 
equations associated with gl{n): 

0=[9,aK = E^iae6 = E<0|b6F..-b+|0>e, 



b 

n-l 



hiddcpi + E /li exp I E Kfj^^'K] 



(2.28) 



i=l 



i=l 



Proof: Straghtforward computations using Eqs. p.21| , |2.22| , and p.24| , p.25| . Q.E.D. 

It is instructive to directly compare the above formulae with the explicit solution of ref . . 
Eq. |2.3| shows that gu = exp(— 0i) has chiral components are x"^ = f^^^'^ and x"^ = f^^^^. A 
simple calculation starting from Eqs. p2.6| , and ^.18| shows that 



-<t>k 



E 

ii<---<'ik 



X 



(fc-i)n 



X 



X 



(fc-l)jfc 



X 



(fc-i)n 



X 



(fc-1) ifc 



(2.29) 



This exactly coincides with the explicit form of the y4„_i-Toda solutions of ref.[0. The only 
difference is that the right member of the above is not equal to one for k = n, so that (pn 
does not vanish. However, in the present case, this right member factorizes into the product 
of a single function of z times another function of z, so that (pn is a solution of dd(f)n = 0. 



These explicit formulae of course confirm our previous calculations, that is, Eqs. |2.28| . The 
removal of the additional field, might simply be done by imposing that the Wronskians of 
the functions x^ and of the functions x"^ be equal to one. At the present stage, this would 
be an artificial condition without geometrical significance, since these functions are the first 
derivatives of the embedding functions. We will see that this additional gl{l) factor will be 
removed naturally in the CP" case. This will be the subject of the coming section. Beside 
this gl{l) factor, the present situation has another unwanted feature. The induced metric 
on S is gii = exp(— while for the Liouville theory, say, it is exp(20i) ! This disaster will 
be repaired in appendix A.l, explicitly, by deriving proposition |TU|. 

The example of free bosonic string. 

Let y", a = 1, ■ ■ ■ , 2n, be the space-time coordinates of the string which are, of course, 
real. As we shall see, it is essential to work with the Minkowski signature, without performing 
the Wick rotation. The target-space metric rjajs = ±(5a,/3 is taken to be constant and diagonal. 
For the sake of the coming argument, we shall allow for several time-like directions (this 
possibility cannot be ruled out a priori for W-stringsP5|^ 
metric to be rja/s = —Sa,i3, for a = 1, ■ ■ ■ , s, fjais = Sa,i3, 
number of "time" axis. This metric will become off-diagonal, as required by the definition 
D, if one defines 



Thus we take the target-space 
for a = s + 1, ■ ■ ■ , 2n. s is the 



X° = (y° + y"+")/y2 1 



a 
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a = s + l, ■■■,n. (2.30) 



In this way the inner product is indeed (Xi, X2) = J2Ai^i^2+^2^i)- Obviously, one has 
(X^)* = X^, for A < s, and (X^)* = X^, for A> s. This is an example of Eq.^, which is 
not the usual conjugation of C". For a free string, the surface swept by the string-positions 
is given by 



(2.3i; 



= g° + J9° ln(;z) + \n{z) + i J2 

where a" (resp. a") are the right-moving (resp. left-moving) oscillator-modes which satisfy 
(a")* = a"^ (resp. (a")* = a"^). (resp. (p" -|-p")/2) is the center-of-mass position (resp. 
total momentum) of the string which must be real, (p" —p°')/2i is the winding-number which 
is an integer. Eq. p.31| will describe a W-surface, if the embedding functions computed from 
Eqs. f^.30| satisfy the Cauchy-Riemann relations df^ = df^ = 0. one gets 



p« = pu+a^ pa ^ _pn+a^ ^ ^n+a ^ ~a ^ _a^+» ^ a < S, 



(2.32) 



Clearly, the reality-condition forces us to take = = 0, for A > s. The number of 
components of the W-string-surface is only equal to 2s. This is why the Minkowski metric 
was essential for the present example. For A, A = 1, ■ ■ ■ s, the embedding functions are 

f^{z) = {(g^ + g^+")/2 + \n{z) + i E,^o afz'^/r] ^ 

= - {(g^ - g^+")/2 + \n{z) + I Er^o ~afz-'/r} v^. (2.33) 

For Euclidean world-sheet-parametrizations where 2; is a complex number, they satisfy the 
conditions (^/^(z)^ = f^{z), and (^/^(2)^ = f^^iz), in contrast with the conditions of 
real analyticity which are usually assumed (in particular for algebraic curves). Physically, 
this reflects the fact that, for closed strings, left and right modes are not correlated. On 
the contrary, if we consider an open string with parameters running, say, in the upper half- 
plane, the boundary condition is that ^zd — zdj Y"' = 0, for z = z. As a result one has 

1^/^(2;)^ = /"^{z), and one recovers the standard mathematical situation of real analytic 
functions. A similar situation occurs for Liouville theory with boundaries |p5|, [pH . 



2.2 CV' W -surface and An Toda Lax pair 

Definition 4 CP" target space. The complex projective space CV^ is defined to be the 
quotient of the space C'"'^'^ of definition [J, by the equivalence relation 

X ~ Y, if = y^p(y), and X^ = F^p(F). (2.34) 

where p and p are arbitrary chiral functions. 
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It will be convenient to denote the n + 1 homogeneous coordinates by X^, with A, A = 
0, 1, 2, ■ ■ ■ , n. In our definition of CV^, p and p are independent, since we do not impose any 
general reality condition on X^, and X^. The metric which is invariant under the rescaling 
Eq. |2.34| is the Fubini-Study metric p2[ 



Gaa =(5aa(T. x^x^ - x^x^ /(E 

\ \b=0 ) ) B=0 



B\2 



(2.35) 



whose Kahler potential is given by /C = \nJ2A=oX^X^. We note that the variation Eq.|]3| 
shifts this potential by In p + In p. The metric is invariant if p (resp. p) is only function of 
X^ (resp. X^), as required by the above definition. This will be called a local rescaling. 
At this point, there are two ways to parametrize CP"". On the one hand, it is customary 
to use the Fubini-Study metric and to impose the condition X° = X^ = 1. This procedure 
is developed in appendix A.l. It gives an example of the treatment of the Gauss-Codazzi 
equations with non-trivial target metric. On the other hand, and for the present purpose, 
it is more convenient to proceed as follows. First, instead of using the curved Fubini-Study 
metric Eq. p.35| , we use the flat metric of C"+^ 



G 



AA 



5 



AAy 



{A, A 



0,1, 



,n] 



(2.36) 



We shall work with the 2{n + l) homogeneous coordinates, without fixing the local scale (its 
choice is to be made only at the end). This is done by keeping the 2(n -|- 1) embedding- 
functions, and making our discussion covariant under the gl{l) local-rescaling symmetry. 



f^(z)-.p(^)f^(z), F(z)^p(^)F(z). 



(2.37) 



For this, one constructs the moving frame starting from the zero-th order derivative of the 
embedding functions f and f. The appropriate choice of the local scale will turn out to 
depend upon the W-surface considered. 

Except for these modifications, the construction of the moving frame is completely parallel 
to the one of the previous chapter. 

Definition 5 Toda fields. Introduce the matrix of inner products 



r/..= E/^''^W^'^^(^), 0<r,s<n. 

A=0 



The Toda fields ^e, 



+ 1) are given by 



^e{z,z) = -\nri{z,z), Te{z,z) = 



Voo 



Ve-io 



(2.38) 



(2.39) 



Define also Tq = 1 and $ =o= 0. 
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Definition 6 CV^ moving frame. The following vectors are orthonormal: 



1 



1 



voo ■■■ m 



Voe-i 
f 



^70^-1 
f 



Vlo 



Vu-i 



(2.40) 



(2.41) 



In the last equation, which is similar to Eqs.^]4| and p.5| , the determinants are to be computed 
for each components of the last lines, and only non-vanishing components are written. The 
vectors v are introduced for later convenience. They satisfy 



(2.42) 



Proposition 2 Frenet-Serret formulae for CP". 

The above vectors satisfy (i runs from to n, with e_i 



<9e£ 
Beg 



-ia($, 



3(l/2)(2$^-$f 



Proof: Calculations similar to the ones of the previous section. Q.E.D. 
The next important point is the 

Theorem 3 Covariance under local rescaling. 

Under the transformation Eq \2. 3% the moving frame transforms covariantly: 



p p n, 

Proof: Trivial computations show that 

n f / \ 

a 



p'^'p'^i, 

ip/py/%. 



'Inp, 



f{«) 



E 

6=0 



a(-'')p fW ^^A„,fW, A, 



6=0 



6=0 



P 



P- 



(2.43) 



(2.44) 



(2.45) 



The transformation of the matrix rj^s Eq. p.38| is rj. 



6=0 

— > J2jk ^rjVjkAks- It follows that the 
tau-, f-, and -u-functions are multiplied by sub-determinants of A and A. Since A (resp. A) 
is lower (resp. upper) triangular, these sub-determinants are equal to the products of their 
diagonal elements, and the result follows. Q.E.D. 
Thus the above moving frame may be called homogeneous. 
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Corollary 1 The Frenet-Serret formula Eq \2.4'^ are invariant under local rescaling. 



Theorem 4 Toda equations. There exists a choice of local rescaling such that the Gauss- 
Codazzi equations coincide with the An Toda equations. 

Proof: The compatibility conditions of the Frenet-Serret equations give 

= -exp(2<l>,-<l>^_i (^=1, ■■■,«) (2.46) 
dd^n+i = 0. (2.47) 

The first equation is precisely the Toda equation. The second equation implies that r^+i 
is the product of two chiral functions. For later use we introduce two functions Uq{z), and 
Uq{z), which are such that 

Tn+i = Uoiz)Uoiz). (2.48) 



Given the 2{n + 1) embedding functions, we apply the local rescaling Eq. p.37| with 



p = (t/o(z))-i/("+^), p = (f/o(^))-^/("+^), (2.49) 

which precisely puts Tn+i = 1, killing the unwanted degree of freedom. Q.E.D. 

Finally we get the An Toda equation exactly. By looking at the explicit solution, similar 
to Eq. |2.29| , one sees that Uo{z) (resp. Uo{z)) is the Wronskian of the embedding functions 
/ (resp. /). These do not vanish at regular points, so that this choice of parametrization is 
really possible. We shall call it the Wronskian scale-choice. In the forthcoming it is however, 
more convenient to work in a scale-invariant way, without making this particular choice. 

If one compares with the previous section, one sees that, in the present scheme, the 
distinction between intrinsic and extrinsic geometries is not so clear anymore, however we 
shall soon show that this separation is not invariant by W transformations. 

2.3 Connection with the WZNW model 
2.3.1 Preamble 

It has been shown [PT| that there is a deep connection between Toda equations and the 
so-called conformally reduced WZNW equations. In this section we show how the latter, 
which contain more degrees of freedom than the former, are directly related to the present 
W-geometry. For completeness, we first recall the 

Definition 7 Conformally reduced An-WZNW model. 

Let z and z be Minowski surface-parameters, let 9{z, z) be a (n + l) x {n + 1) real matrix 
of determinant one, and 

J = e-^de, J = {de)e-\ (2.50) 

The conformally reduced WZNW equations are 

dj = dj = 0, (2.51) 
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tr iJE.^) = /X,, tr (JEA = fio., (2.52) 



a runs over a set of positive roots. The parameters fJ^a = fJ'a = —1 ^/ « is primitiv^, and 
vanish otherwise. 

Of course there is a similar definition for complex z obtained by Wick's rotation. We shall 
actually need the following generalization: 

Definition 8 Conformally reduced gl(n+l)-WZNW model. 

Same as above, but the determinant of 9 is arbitrary. 

This generalization incorporates an additional gl{l) gauge degree of freedom. As it is well 
known the general solution of Eqs. |2.51| is ^ = 9l{z)9^{z) where 9l and 9ji are arbitrary chiral 
matrices. Then conditions Eqs. p.52| lead to solutions of the 



Definition 9 Drinfeld-Sokolov equations. They are of the formf^D^ 

Vrs = 0, for s - r > 1, V„+i = 1 (2.53) 

// tr{V) = this (DS) equation is associated with An. Otherwise it is associated with 
gl{n + l). 

It is easy to see that, writing T^^^ = 9~^{z)ri^ and = 9j}{z)(^r-, give 2n solutions of the 
Drinfeld-Sokolov equations just defined. 



2.3.2 WZNW dynamics for CP"- W-surfaces 
Our starting point is Eq. |2.38| : 

n 
A=0 

It is quite clear from the start that the above matrix is of the form rj = r]fi{z)riL{z), and thus 
satisfies equations of the WZNW type. More precisely, we have the 

Theorem 5 Conformally reduced WZNW solutions from W surfaces. The matrix 
9 = 7]^^ is a solution of the conformally reduced gl{n + 1) WZNW equations introduced by 
the definition |^. 

Proof: The currents are given by: 

dVij = -JikVkj, dmj = -VikJkr (2.55) 

They obviously satisfy 

Bjiu = dj,i = 0. (2.56) 

^ There may be arbitary constants for primitive roots, but the present restricted choice is sufficient for 
our purpose. 
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Moreover, since by construction, df^^^^ = and df^^^^ = one has, according 

to Eq. p.54| J'ij = —6j^i+i, and Sji = —6j^i+i for i < n — 1, and this completes the derivation. 
Q.E.D. 

Concerning J'nj, it is well known that the n + 1 functions /"^ are automatically solutions 
of the differential equation {A = 0, ■ ■ ■ , n) 

f ■■■ 



J{n+1)0 

which allows us to write 



j(n+l)n+l 



j!{n+l)A 



'n+1 

Un+l-k 

.k=0 



(2.57) 



Q{n+1) 



E 

fc=0 



TT " 



(2.58) 



fc=0 



since t/o, which is equal to the Wronskian of the n+1 functions does not vanish at 
regular generic points. Thus one sees that Jnj = Xj and 

differential equation satisfied by the functions /. and are finally given by 



Xj, where Xj is related to the 



A 









J = 


-I-X 


J 




I-X 














( ° 








... 0^ 




( ° 


1 















1 








... 










1 











/ = 





1 





... 


,1 = 






































1 








lo 







1 0, 




VO 
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Ao \ 




^ 













\ 













Ai 
























































An-l 





























A„ J 






Ai 




An- 


1 A 


n 


) 



(2.59) 



(2.60) 



(2.61) 



The current J' and jf may be expressed in terms of the generators introduced in section 
2.1 (see Eqs. p.l9| , |2.20|) except that, here, i runs form zero to n, and we are dealing with 
gl{n + 1). In this section we are always in the sector = J27=o^t'^i — 1; ^^^^ i^, in the 
defining representation, where hi and E±j are (n + 1) x (n + 1) matrices. We keep the same 
notation as in section ^]l] for the generators since there may be no confusion. 

Corollary 2 Embedding functions as solutions of DS equations. 

For given A and A, the set of derivatives of the embedding functions {/'•■'^^, j = 0, ■ ■ ■ ,n} 
, and {f^^^^,j = 0, ■ ■ ■ ,n}, are solutions of the gl{n + 1) DS equations introduced in the 
definition |^. 
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Proof: It immediately follows from Eqs. p^.55| , and p^.56| that we have 

5;0)A + ^^^.^^WA^Q^ Qf-ij)A^j2j__fik)A^Q ^2.62) 



k 



which coincides with the Drinfeld-Sokolov equations associated with gl{n + 1) gauge intro- 
duced by the definition Q.E.D. 

One should note, however, that the currents associated with the embedding functions are 
of a more restricted type, since there are many more vanishing matrix elements in Eqs. p.60 



and |2.61| than required by the definition ^. In this connection, Eq. p.57| , and its anti-chiral 



counterpart show that Ue and Ue should be regarded as W-potentials. The fact that Uq and 
Uq are not constant, of course, reflects the existence of the additional gl{l) degree of freedom. 
Accordingly, the current satisfy the gl{n + 1) DS equations, and not the one related with 

Next we give the geometrical interpretation of the degrees of freedom that appear in the 
conformally reduced WZNW dynamics, and not in the Toda equation. This results from the 

Theorem 6 Gauss decomposition from moving frame. The moving-frame equations 



ea = Y.Cab{z,z) /^fW(^), WlthCaa = 1, (2.63) 
b<a V 



e 



a = Y.A,a{z,z) ¥'\z), WlthAaa = 1- (2.64) 



b<a 



are such that the matrix 9 = 7]^ has the Gauss decomposition 

n n 

Ors = T.T.^raBabCbs. (2.65) 

a=0 6=0 

Denote by A/^ (resp. M-) the sub-groups generated by the step operators associated with 

positive (resp. negative) roots, and by T>q the group generated by the Cartan generators 
including Then 

AeAf+, BeVo, CeAf-. (2.66) 



Proof: Eqs. p.63| , and |2.64| are slight modifications of Eqs. |2.9| and p.lO[ Denote by (p± the set 



of positive (resp. negative ) roots of An. The matrices Cab (resp. Aab) vanish unless a > b 
(resp. a < b), and their diagonal matrix elements are equal to 1. Thus we may write 

C = exp ( 5] v^eA , A = exp [ ^ x'^eJ . (2.67) 



Eqs.p^l p34| give 



&\z) =Y.C-,\zrz) J^e,, -&\-z) = Y.Aaiz,z) J^^b. (2.68) 
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Inserting this into Eq. p^.54| , one indeed verifies the decomposition Eq. |2.65| , if one lets 



B. 



ab 



0, 



Ta+1 



a, h 



(2.69) 



This completes the proof. Q.E.D. 

In terms of the Cartan generators, B may be written as 

B = exp ^i+ih^ . 



(2.70) 



In the Toda theory, the only remaining degrees of freedom are the Toda fields Thus 
we see that the geometrical interpretation of the matrices A and C is that they specify the 
embedding. 

Corollary 3 Geometrical interpretation of the WZNW equations. The WZNW 
equations for A, B, and C^Dj], that is 

(dC)C-^ = -B-^IB, A-^dA = ~BIB-\ (2.71) 

are direct consequences of the chirality conditions of the W surface ( Cauchy-Riemann equa- 
tions): df^ = a/^ = 0. 

Proof: Consider the last equation as an example. Eq. ^.68| gives 



b \ 



l n+1 
n 



+ E[CabdU,. 



n 



0. 



It follows from Eqs j2.43| that 



In+i 
n . 



I n 
n-i 



(2.72) 



(2.73) 



and the previous equation gives -{dC)C-^ = E"=i^-iexp(Eii^J-l^^^^$*) which is indeed 
equal to B^^IB, according to Eqs. ^.21| . Treating similary, the equation for f , we get 

{dC)C-^ = -B-^lB, A-^dA = -BIB-\ (2.74) 



which coincide|T^ with the WZNW equations for A, B and C. Q.E.D. 

Our next topic is concerned with the additional field and the associated gl{'i) gauge 

invariance. We shall prove the 

Proposition 3 gl(l) invariance of the gl(n+l) WZNW equations. 

Given two arbitrary functions p{z) and p{z), the gl{n + l) WZNW equations are invariant 
under the transformation 



A pA-^A, C pCA-\ B B/pp. 
where A and A are given by Eq. \2.43l , that is 



A 



ab 



'a' 



d^^-^^p, A 



ba 



a' 



(2.75) 



(2.76) 
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Proof: Clearly [dCj C ^ and A ^dA are invariant. This is also trivially true for the right- 
hand sides. Q.E.D. As a consequence we have the 

Proposition 4 WZNW Gauge equivalence. 

The solutions of the gl{n + 1)-WZNW equations are gauge- equivalent to the ones of the 
An- WZNW equations. 

Proof: Since ^ is a solution of the WZNW equations his determinant is a product of chiral 
functions. Thus it may be set equal to one by a gl{l) transformation of the type introduced 
by proposition |[ Q.E.D. 

Concerning the DS equations, the following is useful 

Lemma 1 Basic properties of the transformations A. 

1) For an infinitesimal transformation p = l + e, A = l + s. One has 



< b\ {ds + [s, I]) \a >-- 



0, 



if b < n 



("+^)9"+i-"e, if b = n. 



(2.77) 



2) The form (Eqs.^75^, ^.6(\ , \2.61\ ) of the current J is gauge invariant. 



Proof: 1) The derivation uses easy calculations based on the standard recursion relation for 
binomial coefficients: (^^^) — (a-i) ~ (a) ■ 

2) It is sufficient to work with infinitesimal transformations. Then 



J ^ J + 6J = J + ds + [s, I] + [s, \]. 
In terms of the fermionic modes bj, we may write A = J^b'^n^b^b, and 



a=0 



b>a 



n-1 



'n + V 
V a , 



d 



5J = Y. 

a=0 

Thus the form of J is indeed preserved with 

6Xa 



\n+l~a 



b>a 



'b' 



(2.78) 



(2.79) 



(2.80) 



'n + 1' 
, a , 



b>a 



'b^ 



(2.81) 



This completes the proof. Q.E.D. 
This lemma leads to the 

Proposition 5 DS gauge equivalence. 

The solutions of the gl{n + 1)-DS equations are gauge equivalent to those of the An-DS 
equations. 
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Proof: This must be true since the corresponding WZNW are gauge equivalent. Indeed it 
has been shown in ref. pO[ that a general DS current T) of definition |^ is gauge equivalent 



to a current of the form Eq. |2.59| , p.60| , p.61| . According to the last lemma, one may thus 



perform a gl{l) transformation such that A„ 0, and /i„ decouples. Q.E.D. 

The gl{l) invariance is directly connected with the rescaling of CP" W surfaces as shown 
by the 

Proposition 6 Rescaling. The gl{l) gauge transformation Eqs \2. 7^ corresponds to the 
rescaling Eq. \2.3T{ of the embedding functions 

f\z) - p{z)f^{z), f\-z) - p{z)f\z). (2.82) 



Proof: Combining Eqs. |2.44j with Eqs. ^.6(^ , one verifies Eqs. ^.75| for A and C. Substituting 



Eqs. p.44| into Eq. p.70| , gives B —>■ B exp (— In(pp) I]"=o(^ + Making use of the explicit 



expressions Eqs. p.l9| , p.20| , one verifies that Zir=o(^ + l)^* equal to the identity operator, 



and this completes the proof. Q.E.D. Of course the additional generator /i„ is instrumental 
in the proof. Finally we arrive at the 

Theorem 7 Equivalence between WZNW solutions and CP" W-surfaces. 

There exists a one-to-one correspondence betweeen the solutions of the conformally re- 
duced An WZNW and the W-surfaces m CP" . 

Proof: 1) First it is clear from the previous discussions that there exists a unique solution 
of the conformally reduced WZNW equations associated with a given W-surface in CP". 
Indeed a W surface in CP" is described by the homogeneous formalism displayed in section 
|2.2| , and there is a one-to-one correspondence between the local rescaling of the homogeneous 
description of CP" and the 5'/(l)-gauge of the gl{n + 1) WZNW and DS equations. 
2) The proof of the converse goes as follows. Let ^ be a solution of the A^-WZNW-model: 
86 = 6K, Bo = K6, such that, for a G —tr {KE_a), and —tr (^KEa^ are equal to 1, if 
a is primitive, and otherwise. For the solution 



= eL{z)en{z), K = e-^^dOn, K = [dOL) et- (2-83) 

the conditions on K and K are left invariant by the gauge transformations ollOl-, 
and Or — >• OrUr such that ai (resp. ur) belong to subgroups jVV (resp. N-). One may 
verify that there exist gauge tranformations such that the gauge transformed current 
J = a~^daR + a~j^KaR, and J = (daij oij^ + a^Kal^ , take the form Eqs. |2.59| , |2.60| , p. 61 



Of course, since K and K belong to the Lie algebra An, A„ and A„ are found to vanish. 
Letting r/ = Q^^ , one sees that we have r/ = riR{z)riL{z) with 

n-l 

dr]Rki = r]Rk+ii, for k < n - 1, drjRni = ^bVRbi, 

6=0 
n-l _ 

dr]Rki = r]Rki+i, for / < n - 1, dr]Rkn = Yl ^bVRkb, (2.84) 

6=0 
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as consequences of the Drinfeld-Sokolov equations. Thus we let 



Eqs. p.84| are satisfied iff 



Vroa = f 



n-1 



VLAO = f 



n-1 



6=0 6=0 



(2.85) 



(2.86) 



which means that the Wronskians of /, and of / are constant. These conditions are easily 
removed by performing the rescalings /—>■/ = p/, / — > p/, which are such that the new 
Wronskians are equal to p""*"^, and p""*"^, respectively. The / and / are coordinates of a W- 
surface with local rescaling invariance. Writing the Gauss decomposition g = C^^B^^A^^ 
gives back the Frenet-Serret formula, and this establishes the complete correspondence be- 
tween CP"- W- surfaces and the conformally reduced A„-WZNW-dynamics. Q.E.D. 



3 KP coordinates and W-geometry 

3.1 Free-Fermion Description of Chiral Embedding 

In the construction of the moving frame, we have seen that the determinants of the embedding 
functions play a central role. This fact leads us to suspect that some kind of fermionic 
structure underlies the geometry of W-surfaces. In the description of the Toda theory, it 
is known [p!8| that the free-fermions neatly describe their solution-space as they do for the 
KP hierarchy. In our situation, the embedding is connected to the An Toda theory, and the 
corresponding fermion theory becomes non-relativistic in contrast with the KP case. The 
present free fermions are identical to those which appear in the matrix-model (more about 
this in appendix |A.3D . Although the present main section is devoted to the case of regular 
points, this subsection deals with the more general situation which we will encounter in the 
next main section. 

Let us summarize our free-fermion conventions following^ ref. . 



^„|0) = 



0, 



6n,m, {n,m = 
= \fn. 



0, 1, ■■•) 



(3.1) 
(3.2) 



We use the semi-infinite indices n = 0, 1, 2, ■ ■ ■ , oo for the fermion-operators. The vacuum 
states |0) and (0| correspond to the no-particle states. The n-particle ground state is created 
from them in the standard way: 



\n) = ipn-it 



n-2 



•^0^10), (n| 



n-1- 



(3.3) 



^We actually make a slight modification by interchanging %j: and to follow the usual convention. 
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The current operators, 

oo oo 

Jn = Yl ^n+s^s, Jn = J2 "^ti^n+s, (3.4) 

s=0 s=0 

will be taken as Hamiltonians as one does for the KP hierarchy ||24|| (W-parameters) already 
mentionned in section |2.1| . The role of these fermions may be understood as follows. Take 
the case where z is a complex variable. Then the embedding functions are analytic, 
and each of them is entirely determined by its Taylor expansion around a single point of 
its analyticity domain. Its belaviour at any other point of its Riemann surface is fixed 
by analytic continuation. The following free-fermion formalism realizes this continuation 
automatically. Consider the Taylor expansions at the point z: 

oo s __ oo _ -s 

s=0 s=0 

To these developements, we associate the free-fermion operators. 



^fA(,) = E f^'^\^) i^s, = E f^n-z) ^t- (3.6) 

^ s=o J [z) 

The basic property of these operators are 
Proposition 7 Fermionic representation of chiral functions. 

1 ) Any change of the Taylor- expansion point z, z can be absorbed by the action of the Hamil- 
tonians Jl, and Jl. In particular, one has 

= */-(0) */^(,) = ^" •^■ho) 

2) The embedding functions are represented by the fermion expectation-values 

f\z) = m^rA. ^e^^(^--)|l), f^{z) = (l|e^"^(^"-""Vt^, J0). (3.8) 

Proof: 1) is a consequence of the identities, e~'^'^^ipse'^^^ = Y^t=o z^'ips-t/tl and of their anti- 
chiral counterparts. 

2) comes from the relations {^\ipsJl\^) = Sg^f Q.E.D. 

Due to 1), it is equivalent to work with y and '^'^A^^ ^ ^^^^ fixed zq and zq. 

Hence we put Zq = zq = in the following and write ip nA(r.\ and ip^^ as ip pA and 

J { ) f (0) / / 

for simplicity. 2) implies that we can translate the chiral embedding into CP" in the free 

fermion language. The basic object of this approach is the 



Definition 10 Embedding operator. It is an operator in the fermionic Fock space defined 
by 

n+l 

siz, z) = E^(^' 
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It clearly follows from Eq. |3.7| that 

g{z,z) = e^~''g{0,0)e-^''. (3.10) 

^ is a sort of density matrix of the embeddding functions. It has a natural restriction to the 
Fock space generated by the operators ip rA and ^J^-^ acting on the no-particle state, where 

it becomes a finite matrix. Thus a may be regarded as specifying a representation of gl{n) 
(note that = if a > n + 1). This is the analogue of the gl{oo) matrix which appears in 



the Toda hierarchy. The main difference between these two is that the rank of Q in Eq.pTQ 
is finite {= n + 1), i.e. it is degenerate. If we take the limit n —>■ oo, it coincides with the 
matrix of the Toda hierarchy. In the appendix A. 3, we shall show that, in this limit, the 
embedding problem is equivalent to the orthogonal-polynomial method of the multi-matrix 
model. 

The readers might be curious about the relationship between these fermions and the 
operators bj introduced in section |2.1| . They obviously act on different indices of f^^^"^. b- 
fermions act on A and T/^-fermions act on s. There is a complicated relation between the 
two, which is connected with the uniformization of the Drinfeld-Sokolov equation. We shall 
give explicit forms of these transformations in the proof of the Hirota equation, for example, 
see Eqs. 3.19| , 3.2CI| . This connection is simple in the limit when n oo since, then, we can 



choose the basis, f^^''^ oc 5a,s 

In order to get the relationship between Q and the embedding considered in section ^, 
we need the following 

Theorem 8 Tau-functions. One has 

Ta = {a\g{z,z)\a), (3.11) 
that is, the tau-functions associated with Q coincide with the functions Ta defined by Eq. ^. 39{ . 
Proof: It is easy to verify that, from Eq. |3.8| , 

vfk = mi'-Mz,^)i^tm- (3.12) 



The theorem follows by computing the determinants of Eq. |2.39| , by means of Wick's theorem. 
Q.E.D. 

These are non-chiral versions of the tau-functions of the KP hierarchy. 
Next the basic tool of the fermionic approach is the 

Theorem 9 Hirota equation^] The embedding operator Q satisfies 

oo oo 

,PtG{z, z) (g) i^s<3{z, -z) = Y. '3{z. z)i;t (8) <3{z, -z)iJs. (3.13) 

s=0 s=0 



^ The rest of this subsection is solely devoted to the proof of this theorem. Those who are familiar with 
the Hirota equation, or do not bother about its proof may simply skip it. 
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Proof: First we remark that z and z can be set equal to zero in order to prove this theorem. 
Indeed, the exphcit form of the embedding operator Q Eqs.p^, and |3.10| imphes that the 
z and z dependence can be ehminated by a suitable re-definition of the Taylor-expansion 
point. Since our proof is valid for any ipj^ and ip'^ , and is carried out at the level of formal 

series, it automatically includes this modification, even if we deal with ^(0,0) as we shall 
do. The derivation is carried out step by step. The simplest situation is studied first, before 
being gradually generalized. 

Situation 1 Assume that the embedding functions are given by (A, A = ■ ■ -n) 

f*(z) = z^lM f\-z) = -z^lA\. (3.14) 

Proot In this case. 4 = i-. and = By a dnect computation, wc can easily 

confirm that 



E ^.^^(0' 0)a (8) ^s^(0, 0), = Er=o ^(0, 0),+i^,+ ^(0, Q\_,i,s (3.15) 

s=0 

= Eo<^<n i^tQ{^, 0), (8) 6?(o, o),_i^, (3. 16) 

Q.E.D. 

We recall that, in this simplest case, the first „ + 1 ferm.on-operators and i-*. 



coincide with the b fermions, as already mentionned. 

Situation 2 The case when the fermionic representation of the embedding functions have 
the following form, 

oo oo _ 

•' s=n+l J s=n+l 

This is the canonical form of the embedding function at the regular points. 

Proof: The idea is to make a Bogoliubov transformation of the free-fermion basis such that 
the problem reduces to Situation 1. In doing so, we need to keep the orthonormality proper- 
ties of the free-fermion basis. We give the explicit form of such transformation. Introduce]] 



^(0) ^ I + Er=n+i /^^^Vs = :£ = 0,1, 

^ ^ iJi ■.£>n 



,n 



^(0)* _ I '4^t : £ = 0,l,---,n 

^(oo)* ^ ^ + Er=n+i P^V^ = :£ = 0,l,---,n 

: i > n 



''Here, * does not mean the complex conjugation. 
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We remark that we need separate the Bogohubov transformations for the chiral and anti- 
chiral embedding functions. They are distinguished by (0) and (oo). These new fermion-basis 
satisfy the standard anti-commutation relations, 



^(oo)^^(oo)* 



vl/f,vl/(?) 



0, 



^(0)* ^(0)* 



0, 



e 5 ^e' 



(3.20) 



Furthermore, they keep the bihnear combinations 



(3.21) 



i=0 



i=0 



i=0 



Due to these identities, the LHS and RHS of the Hirota equation can be rewritten as 



EV'.+^(o>o)a(8)^^^(o,o), = E^^^*^(o,o).(g)^r^(o,o) 



i=0 



i=0 

oo 



E^(0,0).+i^+(g)^(0,0),_,^. = E^(0,0).+iVl/p(g)^(o,0),_,vl. 



1=0 



j=0 



In terms of the new basis, the ^(0, 0) matrix of Eq. |3.9| becomes 

^(0, 0), = E "^ty ■ ■ ■ 10) • ■ • 

0<Ai<---<Aa<ra 

It is now clear that the problem reduces to Situation 1. Q.E.D. 

Situation 3 Define the following sets of non-negative integers, 

Ho = {0,l + A,2 + /?i + /52,---,n + /?i + --- + /5„}, 

Soo = {0,1 +^1,2+ ^1+^2, ■■■,« + A + --- + ^n}, 



(3.22) 



(3.23) 



(3.24) 



where (3i and j3i (i = 1,2, ■ ■ ■ ,n) are two sets of non-negative integers. Define also Sg ^ and 
H^'' as the set of non-negative integers that do not belong to Hq and Hqo, respectively. We 
also introduce two mappings a and a from the set {0, 1, 2, ■ ■ ■ , n} to Hq and Soo, respectively: 



a(0) = a(0) = 0, crii) = £ + E = ^ + E 



(3.25) 



fori = l,---,n. With these notations, we define the embedding function^n this situation 



by, 



a{A) f{s)A _ ^a(A) f{s)A 



aiA)\ 



=(-) 



a{A)\ rr-) SI 



(3.26) 



*We remark that, in this case, the embedding becomes singular at z = 0. The geometrical property of 
such embeddings will be the main topics of section 4. The integers /3, /3 are called ramification indices. 
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Proof: This problem reduces to situation 2 by the mappings a and a. More exphcitly, we 
modify the definition of the Bogohubov-transformed fermions by, 



' ~ i^/-ELo/(^^^v^:(.) ^^^ ^^ 



oo 



oo 



These fermions are orthonormal, and the embedding operator is given by 

^(0, 0). = E ^iS) ■ ■ ■ ^^Ti:)l0)(0l<'Ao ■ ■ ■ ^'Xr (3-29) 

0<Ai<--<Aa<n 

In terms of this basis, both sides of the Hirota equation produce the following term, 

E ^Sj*^(0,0),(g)^(0,0),_,vI;W _ (3,30) 

0<j<n 

Q.E.D. 

Situation 4 The proof of the Theorem, i.e. the general situation. 

Proof: By means of (n + 1) X (n+ 1) constant matrices, and S^°^^ f^ = and 

_ __ 

/ = {S^°°^~^)^f^ , we can return to the previous normal form Eqs. |3.26| (more about this in 
section [4.3|) . Denote by \E' and \E'* the fermion basis in terms of the normal form. Introduce 
and ^P* which correspond to the original embedding functions by|^ 

n n 

= E Su'^i', = E ^AS-%i. (3.31) 

£'=0 e'=o 

for £ G S and = , = ^} for i G E^^\ It is easy to check that the new and 
\I^*-basis have exactly the same properties as the normal basis which we introduced in the 
previous situation. Q.E.D. 

^We omit the superscripts (0) and (cxd) because they are discussed in complete paraheL 
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3.2 W-parametrization from KP coordinates 

Definition 11 W-transformations. 

A general infinitesimal W-transformation is a change of embedding functions which takes 
the form 

n _ IT- _ 

5wf\z) = Y: w^iz)d^'^f^iz), 5wf\-z) = E wKz)d^'''f\z), (3.32) 
i=o i=o 

where w^{z), andw^{z) are arbitrary functions of one variable. 

This is the standard definition. The purpose of this section is to introduce a special class of 
parametrizations for the target-manifold which is such that these W-transformations of S 
may be extended as special types of diffeomorphisms of CV^. 

Definition 12 W-parametrizations of C"+^. 

Given a W-surface embedded into C"'^^, the associated W-parameters of the target space 
are n + 1 variables z^^\ z^^^ = z, z^'^\ ■ ■ ■, z^"'\ noted [z], and n + 1 variables z^^\ z^^'^ = z, 
^(2)^ ■ ■ z^^\ noted [z]. The change of coordinates from X^, X"^ to [z], [z] is defined by 

X^ = f\[z]), X^ = F{[z]) (3.33) 
where f^{[z]), and f^{[z]), are the solutions of the equations 

^ = = i^J^m (3-34) 



with the initial conditions f^{[z]) = f^i^z) for 2;^°^ z*^^), ■ ■ ■ , ^r^"^ = 0, and /^([^]) = f^{z) 
forz^^\ = 0. 

These coordinates coincide with the higher variables of the KP hierarchy. Indeed, their 
definition is most natural in the free-fermion language, where it is easy to see that 

f\[z]) = (0|^^AeSo^»^<='|l), f^{[z]) = (l|eSo^--'*Vt^|0). (3.35) 

The dependence in [z] and [z] is dictated by the action of the higher currents J, J, defined 
by Eq.g3,that is, JiZ ELo JiZ^'\ JiZ ^ Er=o JiZ^^ in Eq.|39]. Thus we shall call them 
KP coordinates . Accordingly, the embedding operator, and tau-functions are re-defined by 
modification of the Hamiltonian in Eqs. p.8| , and p.lO| , that is: 

Definition 13 Generalized tau-functions, and embedding operator. 

g{\zl [z]) = eSo-^'^"'"e?(0,0)eSo-^=-^^' (3.36) 
n{[z],[-z]) = {i\g{[z],[-zm- (3.37) 
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From the physicist's viewpoint, it is illuminating to realize that these tau-functions play 
the role of partition functions since the relevant fermionic matrix elements are obtained by 
taking derivatives of them with respect to [z] and [z]. This is contained in the so-called 
bosonization rules derived in Appendix B, using a method which is an adaptation of the 
proof of the relativistic fermion to the present non-relativistic ones: 



Theorem 10 Bosonization rules. 

{i+imz][-z])^Ui) = xft[5])rm(W[^]), 

{^+m-sGimm = x's^xmnm-z]), 

m^sg{[z][zW+^) = x's'X-mnMz]), (3.38) 
where the differential operators are given by Schur's polynomials, 

xftl91)= E f n ^ (sal^r)*") • 

h+2i2+--+sis=s \q=1 \«(^^' V J 

For example, one has 



Clearly the relationship with matrix-models is striking. We shall come back to this point in 
appendix [A.3| . 

Going back to our main line, we note that Eqs. p.35| give the extension to C"~^^ of the rj 



matrix 2.54 



V^M,[^]) = J:^^J^m^,f^{[z]), d,^^, d.^J^. (3.41) 



Now, only first-order derivatives appear. As a matter of fact this expression coincides with 
the true Riemannian metric with respect to the KP coordinates. We call the corresponding 
frame, span by dgi, dgi, the W-frame . In terms of the W-frame and modified rj, the moving 
frame^° is given by. 

Definition 14 Moving frame with the KP coordinates. 

The following set of vectors is orthonormal (rj is given by Eg. ^.4^ ) 



e^WJ^]) = , ^=v([z],[z]), 

^M[z],[z])n^,{[z],[z]) 



In this context the name "moving frame" is somehow misleading. They are actuaUy the local Lorenz 
frame of the target space. 
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v.(W,[^]) 



^700 



^00 ■ ■ ■ Vm 



Ve-w 



JIu-i 



(3.42) 



Each W-parametrization depends upon the W-surface considered. The latter is obviously 
recovered by letting z^'^^ = z^'^^ = 0, for k = 2, - ■ ■ ,n. This link between the target-space 
parametrization and the W-surface allows us to relate its intrinsic and extrinsic geometries. 
This is a key step in this whole scheme. 

Next we show that the W-transformations may be extended to C""^^ by requiring that 
the differential equations Eq. |3.34| be left invariant. This will give a special class of diffeomor- 
phisms of C"^^. We shall only consider the holomorphic sector explicitly. The calculation in 
the anti-holomorphic sector is completely analogous. First we consider the limit n —>■ oo. It 
is known that the W-transformations become linear (so-called Wi+oo transformations) and 
the coordinate transformations are simplified. We work at the level of formal series, without 
considering convergence problems. The desired results follow from the 

Lemma 2 Invariance of the differential equations. 

Given an arbitrary function e{z), define the functions e*^*-*([2;]), s = 0, ■ ■ oo, from the 
generating function 



(3.43) 



s=0 s=0 

1) To first order, and for any given positive integer C, the differential equations \3.34 are left 
invariant by the change of W-parameters 

^W^M ^ e^--'\[z]), r > i, 6^h^'^ = 0, r < (3.44) 

2) Conversely, any first-order reparametrisation of [z] that leaves the differential equations 
\3. 34\ invariant is a linear combination of the above. 

Proof: 1) One makes use of the inverse Laplace transform. Write 



where a is to the right of the singularities of f^ 
{H{C, [z]) is defined in Eq.CT) 



dCe'^'f^iO, (3.45) 
It follows from the definition O that 



f%z]) = I ciCe^(^'W)/^(C). 



(3.46) 
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Making use of Eqs. ^.4.j| , ^.451 , one may rewrite the variation of /^([z]) under the form 



a+'ioo 



(3.47) 



which is indeed a solution of the differential equations p. 34 



2) Conversely, consider a variation {[z\). If the variation of / is a solution, one 

should be able to write 



r=0 



g=0 



where Pq{dc) is a differential operator with constant coefficients. To each P^, and making 
use of the generation function Eq. |3.43 , we associate a family of functions -Pg'*'*([2]) by the 
equations 



(3.48) 



s=0 



and we obtain 



5e^(f'W) = ;^C5:Cp(^)([.]) 



(3.49) 



q<r 



This completes the proof. Q.E.D. 

Next, it follows from Eq. |3.43| that Eq. |3.44| gives 

OO Q OO 



s=0 



(3.50) 



s=0 



It is easy to see that, on the W surface (that is for z^^^ = z, z^^^ = z^'^^ = ■ ■ ■ = ^(") = 0), 
Eq. |3.43| gives e^"*-* = 0, for s 7^ 0, and e^^\z) = e{z). Thus the function e{z) specifies the 
variation of the embedding functions themselves: 



6iy^{z) = e{z)d^y^ 



z . 



(3.51) 



Clearly the W-transformations introduced by the definition |rT] are linear transformations of 
such variations. The lemma |^ thus leads to the 

Theorem 11 W-diffeomorphisms. 

Each W transformation has a unique local extension to C"'^^ that leaves the differential 
equations Eqs. \3.34\ invariant. 

The above discussion moreover shows that we have 



Swf^{[z])=T.W'^drf^{[z]), W^ = Y.w 

r s=Q 



r—s (s) 



(3.52) 
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The functions should be regarded as the components of the tangent vector associated 
with the W-transformation considered. 

The Lie algebra of W-transformations coincides with the bracket algebra of the associated 
tangent vectors. The corresponding change of coordinates is Swz^^^ = W^, and one sees that 
the W-surface is moved by the W-transformations. For a W-surface, there is no covariant 
separation between intrinsic and extrinsic geometries. 

Our next topic is the local rescaling introduced in Eq. |2.3?l , that is, the transformation 
f^{z) p{z)f'^{z). Infinitesimal transformations of this type may be regarded as special 
cases of the definition |ll], where = 0, for j ^ 0. Moreover, one may check that the 



covariance properties theorem ^ of the moving frame are extended away from the W-surface 
by the definition of the W-parametrzation. The above discussion thus gives the 



Corollary 4 Local rescaling. 

The infinitesimal rescaling 6f^{z) 
W-parameters 



a{z)f^[z) is equivalent to the following change of 



6z^^^ 



a 



a 



s=0 



(3.53) 



The generalized moving frame introduced by definition [IJ is covariant under these transfor- 
mations. 

The fact that the rescaling is equivalent to a change of W-coordinates is understood by 
noting that e^'^*^^''^'-' is of the form exp(z'^'')) times a factor that does not depend upon this 
variable. Thus z^^^ is really the scaling factor of the W-coordinates. 

Next we deal with the case where the dimension of the target-space is finite and equal to 
n. We prove that the modification is given by 

Theorem 12 W-diffeomorphism for finite n. 

For finite n, the W-reparametrizations Eq. \3. 5^ become 



Swf^ilz]) = E {w^ + T.W''-''\i'\[z])]drf^i[z]) 



r=0 



s>0 



Similarly, the reparametrisation Eg. ^.44 is to be rewritten as 



(W)+E 



0, 



(3.54) 



(3.55) 



t=i 



where, according to eq \3.4A e*^^-* is defined to be zero forr < 0. The notations of this theorem 
are explained in the proof. 

Proof: In this case there are relations between the embedding functions. They are derived 
from the equations {A = 0, ■ ■ ■ , n) 

f\z) ... f^z) f^z) 
fi^)\z) ... /W"(^) /(")^(2) 
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(3.56) 



Uq which is the Wronskian of the functions /°, ■ ■ ■ , does not vanish at regular points of 
S. Thus we may ehminate the higher derivatives by the relation 



Ml 



(3.57) 



t=o 



When the W-parametrizations are defined according to the definition |T2|, it is easy to see 
that this last condition is extended by construction. Indeed, one has 



d,n[z]) f\[z]) 



9„+j0([^]) ■■■ dn+sn[z]) dn+sf^{[z]) 



(3.58) 



and the W-parameters automatically satisfy the conditions 

n 

dn-,sn[z]) = E \i'\[zmmz]), as^^(N) = ui'\[z])/uo{[z]). (3.59) 



t=0 



By this, we can eliminate all dependence in the higher coordinates z^''\ with k > n. Q.E.D. 

The reparametrization is an explicit function of /. This reflects the fact that the W 
parametrization depends upon the W-surface considered. This is why the embedding func- 
tions transform nonlinearly. 

Finally, it is clear that, since we have worked in a way which is covariant under the local 
rescaling defined by the corollary ^, we have the 

Corollary 5 W-parametrization of CV^. The W-parameters of the definition give a 
parametrization of CV^ if one identifies any two points which are connected by a transfor- 
mation of the form Eq \3. 55| introduced in the corollary 0. 



3.3 Extended Frenet-Serret Formula and Toda Hierarchy 



In this section, we study the generalization of the Frenet-Serret equations Eqs. |2.11 , that 



include the KP coordinates introduced above to define W-parametrizations. As expected, 
such study leads us to the Lax pair for the Toda hierarchy. We shall deal with the CP" 
W-surface, by working in C""*"^ with the generalized homogeneous coordinates introduced in 
the previous section (corollary ^. Our result is expressed by theQ 

Theorem 13 Frenet-Serret formulae for KP coordinates. 



^^From now on, wc omit the arguments [z], [z\ unless they are exphcitly needed 
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Consider the chiral vectors 

1 



U£ = — V£, Ui = 



(3.60) 



where and are g'Zi'en &y Eqs. ^.4^ - It follows from the differential equations Eqs. \3.34 
that they obey the differential equations 



dpUi 
BpUi 



e+p 

i'=i-p 
e+p 

£'=£+! 

e 

e=i-p 



(3.61) 
(3.62) 

(3.63) 
(3.64) 



where and G^, which are the p-th power of matrices = F and = G, respectively, 
are given by 



{F^w 



{G^)t 



-| oo 

= E(^' + ii^v^i-pio {t\Q^s\i + 1) 

1 oo 

— + i\i^tm ms+pQ\e + 1). 



(3.65) 



Using a matrix-notation which is self-explanatory, one may view the general structure of 
the above equations as follows, 



dpu = H^\FP)+Hiu, dpu = -H2{GP)-H^% 
9p5 = ^H2iGP)-H^\ dp^ = -^H^\FP)+Hi, 
{Hi)u' = TeSu', {H2)u' = Tf+i5«'. 



(3.66) 



The Lax operators which appear in Eqs. p.61| - |3.64| are exactly those of the A„-type Toda 
hierarchy. The integrability conditions for them, therefore, quite naturally give the famous 
Zakharov-Shabat equations. Thus we have the 

Corollary 6 Solutions of Zakharov-Shabat equations. The integrability conditions of 
the generalized Frenet-Serret formulae of theorerr^TB^ are 

'dp-H{\Fn^Hi, dg + H2iG'')-H^'] = 0, 

'dp~H^\FPyH,, d,-H^\F^YH,] = 0, 

'dp + H2iGP)-H^\ dg + H2{G'')-H^^] = 0, (3.67) 

which coincide with the Zakharov-Shabat equations. 
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This is the most exphcit proof of the relation between the extrinsic geometry of the W- 
surfaces and the Toda hierarchy. 

According to the general scheme, of section F and G are given by derivatives of 
tau-functions. Eqs. p.3^ - |3.4CI| give 



Proposition 8 



The first few terms are very simple, 

Ffj+i = Fu = di ln(r^+i/r£), = — Inr^ • • • (3.69) 

n+i n+i 

The rest of this section is devoted to the detailed proof of theorem In subsection 
and since we need to treat the higher KP coordinates systematically, we first translate 
the moving-frame equations into the free-fermion language. In subsection |3.3| .2, explicit 
formulae for the Lax operators F,G are given. In subsection ^.3|.3, we finally spell out the 



actual derivation of the generalized Frenet-Serret equations. 



3.3.1 Free-fermion representation of the moving frame 



In order to automatically solve the differential equations Eqs. p.34] , we re-write all expressions 



of the moving-frame equations, in the free-fermion operator-formalism. The basic point is 
that the Hirato equation p. 13| remains valid when the higher coordinates are included. Indeed, 



using the same argument as in section pTT| , we can again reduce the derivation to the point 
zi^) = ^(fc) = 0, V/c. Thus the full power of the fermionic method is still on. From Eqs. p.42 
it is straightforward to derive the following neat expressions for V£ and V£, 



= Ef(^)(£+l|^+^(W,[^])|£), (3.70) 



s=0 



Instead of working with the vectors and , it is more useful to introduce the ket- and 
bra-fermionic-states which correspond to them: 

V, ^ j2i^+l\ijtQ\i)miJse^oJ^--''' = {v,\. (3.71) 
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These states satisfy 



i^elGilO], [0])M = y^f^pSAA = rire+,6ie>. (3.72) 



It is easy to derive the equations of v, v from those of (f^l and \v£). 
3.3.2 Definition of the Lax operator 

Using the free-fermion representation of the moving frame, we first justify the introduction 

„..v. ^^v.. ^ , ^. ^...^^ ^..v. x.^^ '''•^ = JpC^o -^"^ , we first study the action 

of the Jp's on the states {v(\ and \vi). Define F and G by 

Ji\'"d = ^«'l^<?')' (^^l-^i = Yi'^AGi'i (3.73) 
£'=0 e=o 

Since \v() and (-u^l are one-particle states, we can easily derive the following lemma, 

i+v _ 
Jp\v,) = Y.{FP)u'\ve), {v^lJp = J2{ve\{G^)ei (3.74) 
£'=0 e'=o 

We can calculate the explicit formulae for F and G by using the generalized Hirota equation 
(theorem H). For example. 

Fit = — - — {ve'\QJi\ve) 

1 oo oo 

= — E E + mQ\n{ms\t + i)(0i^s'^^+i0) 

1 oo 

E(^'+l|W+iin(^l^^.|^ + l)- (3.75) 



Similarly, 



-| oo 

Gei = Y.^^ + l\i^t<3\^)Ws-,l<3\^' + 1). (3.76) 



The summations in Eqs. |3.75H3.76| can be taken from i' — 1 to i since the other terms vanish. 



Due to the lemma ( p.74| ), the powers of F, G have similar forms, 

1 oo 
-| oo 

(G>, = + 1). (3.77) 
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3.3.3 Proof of the theorem 



We give a proof of ^.61| - p.65| by direct computations. Before that, it is useful to observe 
that, by differentiation of Eq. p.72| , 

dpiTeTe+i)6ee' = (9p(t;,|)6?([0], [0])\ve) + {velQUO], [0])idp\ve')). (3.78) 

The first term on the RHS vanishes if £' > i. Hence the second term should also vanish 
in this case. By the orthogonality of {v\, and \v), we can conclude that dp\vi') is the linear 



combination of [vf+p), 



\vii). On the other hand, a direct computation gives 



dp\vi) 



s=0 



e+p 



(3.79) 



e'=o 



s=0 



We remark that the second term is a linear combination of |fo), ■ ■ ■ , From these two argu- 
ments, we can conclude that the second term cancells with (-FP)a'|f^') for ^' = 0, 1, 1. 
This fact can be confirmed from the following explicit calculations. By using the Hirota 
equation (theorem one obtains 

j:T=o{vn.\Gi^m{i\QJpi^s\i + i) 

{i < m) 

Ti+idpTe {£ = m) 

m term can be alternatively written as 



r 



(3.80) 



The 



(3.81) 



g=0 



By combining, Eqs. p.77| with Eqs. p.79| - |3.81| , we get the desired result, 

i+P 

9p\'"i) = ^ {F'P)u'\ve) + {dpTe,+i)\vi,) 



=£+1 



i+p 



Y.iF'')u'\ve) + {dpTf)\vt). 



(3.82) 



If we combine this with Eq. p.78| , we get another formula, 

£-1 

dp{vi>\ = 



■ - (^£'-i|(^£'^£'-i) ^iF'^)e'EriTi^i + {dp\nn){vi\ 
e'=e-p 

e 

= - J2 {ve'^i\{re'ri>^i)'^{Ff)e>eriTi^i + {dp\nn+i){vi\. (3.83) 
e'=e~p 

Equations |3.61| and p.64| can be obtained from these formulae by scaling the moving frame 
appropriately s.t. we remove the diagonal terms. The proof of Eqs. p.62| , |3.63| is exactly paral- 
lel. This completes our proof of the Frenet-Serret formula including the higher coordinates. 
Q.E.D. 
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3.4 Generalised WZNW equations and Riemannian Geometry 

In the present section we show that the W-parametrization of the target-spaces C""*"^, and 
CP", which were defined in section |3^ (definition p!^), are such that the correspondence be- 
tween W-surfaces and conformally reduced WZNW has a natural multi-dimensional exten- 
sion away from the W-surface S. This will also lead to an extension of the Drinfeld-Sokolov 
equations. These extensions show the intimate connection between these equations and the 
Riemannian geometry of the target-space. First we have the 

Theorem 14 Christoffel connection for W-parametrization. 

With the W-parametrization, the Christoffel symbols are chiral and given by 

f (7p(W))j = Sp+j,k, ifp + J <n, j (7p([z]))f = 5j5+j,fc, if p + J < n, 

\ =xf+'-''\[z])i{p + j>n ' 1 =\f^'-''\[z]) if p + j>n ' ^ ' 

where X A are defined in Eqs \3. 56^ and \3. 5% 

Proof: With the W-parameters, the metric tensors is given by Equation p.41| , that is, rjij = 
J2A,B^ABdif'^{[z])djf^{[z]). The Christoffel symbols are such that its covariant derivatives 
vanish. Since this metric tensor is factorized into a product of two chiral matrices, we 
immediately get 

9pVij = E(7p(N))i^j> dpr]ij = J2i^pi^))jVik, (3.85) 

j k 

where the Christoffel symbols 7, and 7 are such that 

dp{dd) = (7p)f (5£'f), dp{m) = (a,,f)(7p-)f (3.86) 

Making use of Eqs. p.50| together with its anti-chiral counterpart, one easily deduces the 
explict expressions Eqs. p.84i Clearly the Christoffel connection satisfies 

Ulp)l = d,{lp)] = 0. (3.87) 

It is thus chiral, and this completes the proof. Q.E.D. 

Next it is clear that Eqs. |3.86| may be considered as mult i- variable extensions of the 
Drinfeld-Sokolov equation |2.62| . Thus we introduce the 

Definition 15 Generalized Drinfeld-Sokolov equations. 

They are defined as a set of n partial- differential equations of the form 

C,T{\z\) = 0, C, = d,- V(P)(W), (3.88) 

where T is a column-vector {T^, < £ < n}, and where the (n + 1) x (n + 1) matrices V*-^^ 
are such that 

(^V(p)y^ = 0, ifp + j > fc, (v^P^y^ = l, ifp + j = k. (3.89) 

Next it seems appropriate to generalize the link between WZNW and Drinfeld-Sokolov 
equations as well. Thus we introduce the 
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Definition 16 Generalized WZNW equations. 

They are partial- differential equations of the form 

Bp {e-\[z], [z]) d,ei[z], [z])) = d, [{dMA. [A)) d-\[zl [A)) = o (3.90) 

where 6 is a {n + 1) x [n + 1) matrix which is real for Minkowski z and z coordinates. 



Of course, in the same way as in section the present definition includes the gl{l) factor, 
so that we do not assume that the determinant of 6 is equal to one. The W-parametrizations 
of C"^^ automatically give solutions of these equations, and one easily verifies the 

Theorem 15 WZNW from Christoffel connection. 

The matrix 6 = rj"^, where rj is the metric tensor of the W- coordinates, is a solution of 
the generalized WZNW equations, satisfying the following constraints: 

Tr [9-'dp9Ej+p^j) =-l,0< J <n-p, 
Tr [{dp9)e-'Ejj+p) =-l,0< J <n-p, (3.91) 

and Tr [O^^dpOE^a] = (resp. Tr (^{dp6)6~^ Ea^ = 0) for all other positive roots (the step 
operator Ejk is defined by {Ejkf^ = 5aj5k,b)- 

It seems appropriate to call this last system the conformally reduced WZNW equations, 
since they are the direct generalizations of the standard notion. Finally it is tempted to give 
the following 

Conjecture 1 Equivalences. There is a one-to-one correspondence between the W-param- 
etrizations of C"'~^^ (resp. CV^) and the generalized WZNW and Drinfeld-Sokolov equations 
(definitions |7^, and \Td[ ) for gl{n + 1) (resp. for An). 



As we have observed in section p.3| , the Frenet-Serret formulae give the geometrical 
interpretation of the Gauss decomposition of the metric r]j^{z,z) = Cfg^B~)A~^ on the W- 
surface. The triangular matrices C and A give the relation between the vectors e^, e^, and 
the W-frame f*^"-*, and f*-"^ (see Eqs. |2.63| , and |2.64|) . Making use of the method developed in 
section one immediately sees that the argument may be extended to the target-space, 
where the Gauss decomposition of the matrix 6{[z], [z]) gives the general relationship between 
the moving frame (= vielbein) span by the vectors e"([z], [z]), e^^z], [z]), and the W-frame 
span by f''"^([z]), and f^"'([^]). In terms of the vectors u, and u defined by Eqs. p.60| , and 
Eqs. p.42| one has 

&\[z]) =nc-,\[z],[-z])M[A,[-A), 

f^-Hl^]) =mAB)-Ji[z],[-z])ri,i[z],[-z]). (3.92) 

In the previous section, we have derived the generahzed Frenet-Serret equations, 

dpU£ = {ujp)u>U£', dpUe = {up)u'Ue', ^2 g^^j 

dpU£ = uei{Ljp)ui, dpUi = U£/(ci}p)^/£. 
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The matrices tu, ui take the form 



(3.94) 



where Hi, (i = 1, 2) is the diagonal matrices and Ge/£ vanish [{£>£' + !. 

Conversely, if a local lorenz frame of any kind satisfies this type of equations, their 
integrability condition is equivalent to the Zakharov-Shabat equation. The general argument 
of the Toda theory p!9[] tells us that there exists a tau-function such that the coefficients of 



the Zakharov-Shabat equation are given in the form Eg . p. 66 . Since the tau-function is 



defined by the embedding operator Q, this argument shows that the local lorentz frame can 
be identified with the moving frame of a W-surface and their coordinates can be identified 
with the higher coordinates. Actually, what we are doing in this paper is a reversal procedure 
of the whole scheme of the Toda equation, i.e. we start from the geometry of the explicit 
solutions (W-surface) to get the equation of motion (Zakharov-Shabat equation). Thus we 
reach an important conclusion that 

Theorem 16 Characterization of W-parametrizations. 

The reparametrization of the KP coordinates can he identified with those coming from the 
W -transformations if and only if they do not change the form of Frenet-Serret equation. 

Combining the above formulae, one sees that G~^ and (Ai?)"^ which appear in the Gauss 
decomposition give the transformation between the Lax operator of the Toda hierarchy 
Eqs. p.93| , |3.90| , and the generalized Drinfeld-Sokolov equations Eqs. |3.87| , |3.88| . Indeed one 
finds that 

(9p-7p)C-i = G-\d,-uj,) 
dpC-^ = G-\dp 

iAB)-% = {dp-iUp)iAB) 
iAB)-\dp-^p) = idp-cup){AB)-\ 

This equation without the higher coordinates was discussed previously in ref. Jl^. Clearly the 



integrability conditions of the Frenet-Serret and Drinfeld-Sokolov equations are equivalent. 



4 Global structure of the embedding 
4.1 Associated mappings 

In this last part we deal with singular points of W-surfaces. We shall mostly be interested 
in the global aspects. They will be described by n topological numbers which will be related 
to the ramification indices of the singularities by a global Pliicker equation that generalises 



the Gauss-Bonnet formula. Our guideline is the beautiful discussion of ref. For these 

purposes, we need to change the viewpoint which we took until now. So far, we have discussed 
the extrinsic geometry of the W-surfaces using the moving frame. We derived the Toda field 
equations from the Frenet-Serret formulae and Gauss-Codazzi equations. In defining the 
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global indices, this method is not so convenient at present, since we do not yet know how to 
make use of higher topological invariants of the target space. 

The way to replace the extrinsic geometry by the intrinsic one is to introduce the 

Definition 17 Associated mappings. 

Consider the family of osculating hyperplanes with contact of order k denoted Ok (k = 
l,---,n) to the original W-surface. With CP" as the target space, this family defines an 
embedding into the Grassmannian Gn+i,k+i, which we call the kth associated mappings to 
the original W-surface. 

This formulation looks different, but is equivalent to the construction of the moving frame 
and only uses the intrinsic geometries of the induced metrics for = 1, ■ ■ ■ ,n. In practice, 
what this means is that, instead of forming moving- frame vectors out of f , ■ ■ ■ , f ( 
A; = 1, ■ ■ ■ , n), we consider the nested osculating planes Oi C O2 C ■ ■ ■ C 0„. It is obvious 
that those two have the same information. The rest of this section is devoted to the explicit 
form of these mappings. 

For pedagogical purpose, we recall the well-known Grassmannian aspect of the hyper- 
planes in CP". The Grassmannian manifold Gn+i,k is the set of (ra + 1) x matrices J^k 
with the equivalence relation JF^ ~ aJF^, where a is a x /c matrix. In our case, it is natural 
to consider another set of (n + 1) x matrices ^k simultaneously, in order to deal with each 
chiral component independently. For arbitrarily given JF^ and we can uniquely define 
hyperplanes in CP" by equations of the form X^{t) = J2j f^'^'tji -^"^(^ = Hj P'^^tj^ where 
tj, and ij are arbitrary parameters, f^'^ and f^'^ are the matrix elements of J^k and JF^. 
The equivalence relation ~ aJF and JF ~ aJF simply expresses the fact that the geomet- 
rical hyperplane does not change if we replace L and tj by linear combinations. Thus the 



Grassmannian Gn+i,k is the space of fc-dimensional hyperplanes in CP". Following ref. [2/ 



it is natural to base its Kahler structure on the potential JCk = ln(det Tk^k ) which coincides 
with the Kahler potential of CP" for k = 1. 

Consider an embedding of 2D surface into Gn+i,k with chiral parametrization — this time, 
however, we do not introduce its extrinsic geometry. It is defined by its chiral components 
J-'k{z) and ^k{z) which are respectively given by 



V f'''iz) ■■■ /^."(^) ) 



(4.1) 



The difference with the usual situation is that, for us, f^'^ is not assumed to be the complex 
conjugate of f^K It is immediate that the metric induced on this surface is derivable from 
the potential K,^^'> which is such that 



E 

0<ii<---<ifc<n 



(4.2) 
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The construction of Ok-i at each point z, z, goes as follows. One lets 




d(')f{z) 



fors = 0, A; - 1, / = 0, n. (4.3) 



For a fixed k, the fc-planes generate a surface in Gn+i,k+i called the kth associated surface. 
In technical terms: from the embedding E CP", we have canonically constructed the kth 
associated embedding E — >• Gn+i^k+i ^ P{A^~^^C"'). Next, according to Eq.[4.2|, the induced 
metric on the kth associated surface in Gn+i.fe+i is simply, 

gi'] = dd In r,+i {z,z), gf] = M = 0, (4.4) 

so that the Toda field ^k+i = —hi{Tk^i) appears naturally. Thus — is equal to the 
Kahler potential of the fcth associated surface. At this point, it is very clear that by consid- 
ering the associated surfaces, we can restrict ourselves to intrinsic geometries. 

In the discussion of the main section 2, the Toda equation came out from the Gauss- 
Codazzi equation. Here, it is equivalent to the local Pliicker formula as we shall see. 



4.2 The instant on- numbers of a W-surface 

A key point in the coming discussion is to use topological quantities that are instanton- 
numbers. As a preparation, we recall the fact, pointed out in that W-surfaces are 
instantons of the associated non-linear a-model. The general situation is as follows. W- 
surfaces are characterized by their chiral parametrizations which thus satisfy the Cauchy- 
Riemann relations. These are self-duality equations so that the coordinates of a W-surface 
define fields that are solutions of the associated non-linear a model, with an action equal 
to the topological instanton-number. For a general Kahler manifold M with coordinates 

and and metric /i^^, the action associated with 2D manifolds of M with equations 

= ^p^^[z, z), and ^'^ = ip^{z, z) is 

S = ^Jd^x h^f, d.^^dj^'^. (4.5) 

In this short digression we let z = Xi + ix2, and dj = d/dxj. The instanton-number is defined 
by 

Q = ^jd^^ ejfc K-^ dj^^dk^'^. (4.6) 

For W-surfaces and their associated surfaces, d^p^ = dip^ = 0, and one has S = nQ. Q 
is proportional to the integral of the determinant of the induced metric. Applying the last 
formula to the kth associated surface, we get 

Definition 18 Higher instanton-numbers of the W-surface. 

The kth instanton number of the W-surface Qk+i is defined by, 

Qk+i = ^ dzdzgP^, = 1, ■ ■ ■ , n - 1. (4.7) 
27r Js 



4. Global structure 



40 



Its topological nature is obvious from Eq. [4.4| which shows that the integrand is indeed a 
total derivative. The collection of the (k-th) instanton-numbers together with the original 
one Q = Qi gives a set of topological quantities which characterize the global properties of 
the original W-surface. 



4.3 Singular points of embeddings 

In the main section 2, we have constructed the moving frames at the point where the tau- 
functions are regular. When those functions become irregular, we meet an obstruction to 
derive the moving frames. In the WZNW language, this signals that there appears a global 
obstruction to the Gauss decomposition. Toda equations should be modified at these points. 
In the following, we study the structure of such singularities and the behavior of the tau- 
functions. 

Let us discuss the CP" case, where the structure of such singularity was already studied in 
detail in mathematics |P2||. As always, we use the notation /"^{z) (resp. /"^(z)) to describe the 
chiral (resp. anti-chiral) part of the embedding. In the following, we only discuss the chiral 
components explicitly. Consider a point zo which is a singular point of the embedding. We 



assume, as one does in mathematics ||22|| , that we may reduce the problem to the case where 
there are no branch point around Zq (If there was, for instance, a non-trivial monodromy- 
matrix acting on the /"^'s around Zq to begin with, one would assume that this matrix is 
diagonalizable and that its eigenvalues are rational. In this way, by taking a finite covering, 
one would be reduced to the case we are discussing). Now we remark first that if some 
/^'s blow up at Zq, we can remove that singularity by applying a local rescaling f"^{z) 
p{z)f^{z), with p{zo) = 0. The idea is that one divides by the most singular behavior so that 
every /^(-z) has a finite limit aX z = zq. Now the study of the singularity structure is replaced 
by the study of the zeros of /, and of its derivatives at zq. By appropriate reshuffling, 

f\z)^f\z) = Y.Sif^{z), (4.8) 

B 

with a suitable constant matrix S, we can get the following normal form for f at z = zq, 

f\z) = 0(1), f\z) = O [{z - zqY^^^^--^^) , 
f\z) = O ((z - ^0)'+^^^'"^+^^^^"^) , ■ ■ ■ 

r{z) = O ((z - ^o)"+'^'^"'^+^^^+^"^'"^) (4.9) 

We define 

Definition 19 Ramification indices. 

The non-negative integers (3i{zq) (I = 1, ■ ■ ■ which appear in Eq \4 . ^ describe the local 
behavior of the embedding function at z = zq. We call these numbers ramification indices 
following the terminology of the mathematical literature]^]. We introduce similar indices 
(3 to describe the behavior of the anti-chiral embedding functions. We define here also the 
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total ramification index f3i, f3i as follows, 



(4.10) 



where z and z run over all the singular points of S. 



The /3's are integer since we assumed that there were no branch point. Regular points of the 
embedding are characterized by the vanishing of all ramification indices. 

From this explicit form of the local behavior of the embedding functions, it is easy to 
calculate the behavior of the tau-functions dX z = zq, which is explicitly obtained by, 



Theorem 17 Behavior of the tau-functions. 

r, = [{Z - ^o)/3^-i+2/3.-2+-+(^-l)/3i(^ _ ^^)/3..i+2A.,+...+(£-l)ft 

Proof: The explicit computations of the first few ones look as follows, 
Tl ~ /o/o + higher order terms 



(4.11) 



0(1) 
1 



r2 



{*){z-z^Y- 



l+/3i 



{Z - Zq) 

{*){z-zq) 



Pi 



+ 



(4.12) 



T3 



0{{z~z,f^{-z~-z,f^) 

1 {z-z^f+f^^ {z-ZqY+^^+P^ 
{*){z-z^f^ {*){z - Z(,f+^^+^^ 



{*)[z-z,Y--^ 

1 iz 
X 




-z,Y^^^ 

{*){z-Zof^ 
*){z--z,Y^-^ 



{*){z - z^Y'+P^ 

{z - z^f+~^^^~^^ 
{*){z - z^f+'P^+'P^ 

{*){z - ZqY^+~P^ 



+ 



~ O^iz-z^ff'+^'^^z-z^f^'^'^^). 

Here we omit (2:0) in the /5's and (*)'s are some non- vanishing numerical constants. Obviously, 
this type of computation can be performed for every tau-functions. Q.E.D. 

Special combinations of r-functions appear in the Toda equations. They behave as 

r£+ir£_i 



O 



(4.13) 



In Eqs. p^.40| , we need to divide vectors by tau-functions. Unless all ramification index 
vanish, we get divergence in those formulae. In the WZW language, it shows that the 
Gauss decomposed matrices A and C become singular at these points. In terms of the Toda 
equation, it leads to 

Theorem 18 Modified Toda equation 

At the singular point, the Toda equations have an extra 5-function source-term given by 



9a$, + eS.^-*^+vr E Y.i^-t){(3,{zo)+Pt{zo))S^'\z-Zo) 

zOjZqGS t=l 



0. 



(4.14) 
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Proof: The behavior at the singularity can be evaluated directly through the behavior Eq. ^.ll 
of the tau-functions, and the well-known formula 

dd\n{z - zo) = dd\n{z - zo) = 7t6^^\z - zq). (4.15) 

Q.E.D. 



4.4 Ramification Indices and DS Operator 



In the following, we study the relation between the ramification-indices and the singularity 
of the Drinfeld-Sokolov operator (DS operator). This will be important since it is known 
that the phase-space of the classical W-algebra is described by the gauge equivalence class 
of the DS operator. For regular points, this indeed results from the discussion of section 
O] . Ultimately, we should clarify the relation between this phase-space and the space of 



W-surfaces. A related motivation is to give a direct bridge with the generalization to the 
quantum situation. In the previous section (4.3), we saw that the local rescaling symmetry 
is essential to eliminate the singularity so that it should not be fixed globally. In the same 
way, we have to start from the DS operator of the section 2.3 with additional hn generator. 
Let us recall it from the section 2.3, 



C = d-I-\. 



(4.16) 



where I is given in Eq. |2.6(]| and A is the lower triangle matrix, (Borel subalgebra). The gauge 
symmetry of C is generated by the strictly lower-triangular matrices. It follows from section 
2.3 that the chiral component of the metric rjji is a solution of the Drinfeld Sokolov equation 
(DS equation), 

CVR = 0, (4.17) 

with A given in Eq. |2.61| . For our purpose, it will be better to switch to the diagonal gauge 
where only nonvanishing elements of A are the diagonal elements. We call T the gauge 
transformed of rjn. 

Inspired by the instanton-solutions of CV^ non-linear a-model, we shall study the solution 
of the DS equation where the singular part of the DS potential A has the following form. 



/ difo 
dipi 



dipi 





^0 • 



••• \ 

••• 

• • • dipn-i 

difn J 



+ 0(1), 



ttO = ttn+1 = 0. 



(4.18) 



(4.19) 



This as is the reflection of the fact that gl{l) local-scale is not yet fixed. We will calculate 
the singular behavior of the solution of DS equation CT = at ^ = and find the relation 
between a and the ramification index. 
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Let us start from the simplest situation, i.e. the n = 2 case. Then, the singular part of 
the DS equation is simply, 

(4.20) 

where {fk)i = z~"^Tki In the following, we suppress the index k. This equation reduces to 
the second order scalor differential equation, 

{d^ + u{z))U = 0, u{z) = ^(«? + «i) + (^) . (4.21) 

This is a well known example of the differential equation with regular holonomy. The be- 
havior of its solution f = (^-^^ j at 2; = is determined by 

h-z--^ hr^z-^+' («i^-^) (4.22) 

/o~^'/' fir^z^/Hnz (ai = -^). (4.23) 

Converting to T's, we can choose the overall scaling factor as in order to remove the singu- 
larities. If we use this solution as the embedding into CV^^ we can get the relation between 
«! and ramification index f3i. We find that 

Pi = 2ai {ai > 0), (3i = 2\ai + 1| (ai < -1) (4.24) 

Some of its features should be noticed, 

1. For each ramification index, there are two possible values for ai. 

2. When ai = —1, although the DS operator has apparent singularity at 2; = 0, corre- 
sponding solution is perfectly regular. 

3. When ai = —1/2, the monodromy matrix is not diagonalizable, and this case is not 
covered by the present analysis. This is the so-called parabolic case. 

As for the first point, we have met this situation elsewhere. In the free-field approach to 
CFT, we represent primary fields by means of vertex operators exp(ai<y9). Its conformal 
dimension is then given by ai{ai + 1). Hence for each conformal dimension, we have two 
vertex operators which have the same dimension with ai and — 1 — ai. Since our ip fields will 
be replaced by free boson operator, the two situations have actually same origin. The second 
point of our remark can be understood similarly. In CFT, we have non-trivial operators with 
vanishing weight apart from the trivial operator 1. Our DS operator with false singularity 
is apparently similar. In any case, we can show that these two situations are actually gauge 
equivalent, which is clear from the fact that they have same potential u{z) in |4.21| . In the 
quantum case, rational theories will indeed lead to rational values for ai. In the classical 
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case these cuts may be removed by switching to the covering space whenever we meet cuts. 
This is why we only consider the situations where the a's are integers. 

Let us generahze our discussion to the gl{n + 1) DS operator. In this case, the singular 
part of the differential equation which generalizes Eq j4.20| is given by, 

(a -^){d+ ""~^""-^ ) ■ ■ ■ (9 + ^^^){d + y )/o = 0. (4.25) 

The behavior of the solutions of this equation is given by fo ~ -z" where a satisfies following 
characteristic equation, 

(a + ai)(a — 1 + a2 — Qi) ■ ■ ■ (a — n + 1 + a„ — «n-i)(tt — n — an) = 0. (4.26) 

If any two solution of this equation are equal, we meet the logarithmic singularities, which do 
not fit in the present analysis. Otherwise, the behavior of the embedding function is found 
to be 

/o = 0(^-°i), h = 0(^1+"^-"^) 

/2 = 0(^2+"^-"^), /„ = 0(z"+""). (4.27) 

There are n\ diferent set of a which produce the same ramification index. Since they are all 
gauge equivalent, we can restrict our analysis to one of them. To specify the choice, we can 
postulate that /t//j+i is regular at z = for every i. The ramification index in this situation 
is simply given by 

A = Ei^^l"«., (4.28) 

where Kf^" is the Cartan matrix of A^- In this way, we can get a clear group-theoretical 
correspondence between the ramification-indices and the singularity- index of the DS oper- 
ator. This result should be considered as the local version of the Pliicker formula we will 
encounter in the coming section. 

4.5 Pliicker formulae 

The method will be to exhibit relations between the curvatures R^i and metric tensors of 
the associated embeddings. There are two versions of these formulae. First, as a direct 
consequence of the Toda equation, we obtain the 

Theorem 19 Infinitesimal Pliicker formulae. At the regular points of the embedding 
one has 

im4^=-9^^'' + 2<il-^f''. (4.29) 
Proof: This is derived by computing the curvature 

Rfl4M - -ddWn = -aain . (4.30) 
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The first equality is a simple consequence of the general form Eq. [4.2| of the Kiihler potential. 
The second is a consequence of the specific mapping of S in Gn+i,k+i (Eq.|47^) which is such 
that the Toda equation is verified automatically. Making use of Eq. |4.4| one easily completes 
the proof. Q.E.D. 

These infinitesimal Pliicker formulae give us the global following relations 

Theorem 20 Global Pliicker formulae The genus g of a W-surface is related to its 
instanton-numhers and ramification-indices by the relations 



^ (4.31) 

Qn+l = 0, Qo = 



2 — 2(7 + — 2(5fc — Qk+i — Qk-ii 
Proof: First we apply the Gauss-Bonnet theorem for each of the fcth associated surfaces by 



computing f^.^ R^zl\J d^zz- The integral is first computed over where small neighborhoods 
of singularities are removed. The ramification indices at singularity was previously defined 
so that at a singular point the induced metric of the fcth associated surface behaves as 

g'^^} ~ (z - z,f-^^-\-z - -zof-^'^^~gfh (4.32) 

where g^-l is regular at zq, zq. Since we do not assume that f{z) = f{z), j3k{zo) and f3k{zo) 
may be different. By letting e — * 0, one sees, that the contribution of the singularities to the 
Gauss-Bonnet formula is proportional to the k-th ramification index 

^ (Pkizo) + Pki^o)) . (4.33) 
(zo,zo)eE 

The contribution of the regular part does not depend upon k, since changing k there, is 
equivalent to using a different complex structure, while the result is equal to the Euler char- 
acteristic that does not depend upon it. The Gauss-Bonnet theorem for the kth associated 
surface finally gives 

^ [ dzdzR^tl = 2-2g + h- (4.34) 
27r JE 

Combining these last relations with Eqs. [4.7| , completes the derivation. Q.E.D. 

Using these formulae, we find that there are n independent topological numbers (Qi, 
■ ■ ■, Qn), which characterize the global topology of W-surfaces. A direct consequence of this 
observation is that W^+i-string have n coupling constants which play the same role as the 
genus for the usual string theories. Eq. p.9| may be understood as the index theorem for 
W-surfaces. 



4.6 Relation with self-intersection numbers 



A few years ago, Polyakov [pl| ] introduced a modified Goto-Nambu action, with a topological 
term involving the extrinsic geometry of the string-manifold. In this section, we connect his 
discussion with the one carried out in the present article. 
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The Goto-Nambu action, is proportional to / dzdz^J —det[g). g is the induced metric 
which takes the Kahler form. This gives 

Sgn (X i dzdzgzz = W dzdz^df^df^, (4.35) 
J •'a 

which is indeed a tological integral, since g^z = ddJ^Af^f^- As expected it coincides with 
the instanton-number Q of Eq.|0| associated with g. Since the target space is topologically 
trivial, Q actually vanishes for any C^-W-surfaces, contrary to the situation of CV^-W- 
surface. 

In ref. I^Tj, an additional topological term was defined from the second fundamental form. 
Let denote hy D = d — 9(ln Ai) and D = d — c?(lnAi), the covariant derivatives on the 
W-surface (with the notations of the previous sections g^z = Ai). It follows from Eq. |2.26 
that 

n n 

D (di) = Y: n^zea, D {dt) = Y: m-z^a, (4.36) 

a=2 a=2 

where, according to Eqs.^^, and 

(9f = JaIbi df = jA^ei. (4.37) 



The self-intersection number of ref. 211 is 



^1 = ^ / dzdzQ^M-zirr^-detig) = ^J dzdz^^. (4.38) 

It was originally defined in the case when the target space is C^, where a W-surface intersects 
with itself at several isolated points. The index z/i counts the number of these isolated points 
with suitable signs determined by their mutual orientations at intersection points. This 
explains the original terminology, "self-intersection number" . 

From our viewpoint, it is clear that there is a close analogy between ui and Qi in Eq. [4.7| . 
The only difference between them is that we need to replace A^ by the r^. This analogy 
suggest a re-interpretation of z/i as the generalized instanton-number of a certain associated 
mapping. It enables us to obtain a generalization of that index for the W-surface in higher 
C"' target spaces where there seems to be no interpretation of "self-intersection" . 

This time, for each W-surface in C", we define the kth associated mapping as being from E 
into Gn,k, {k = 1, ■ ■ ■ ,n — 1). Each point 2 G S, is mapped into an osculating frame spanned 
by ■ ■ ■ , f*^'^-' at z which defines a point in Gn,k- Although the original C"-W-surface has 
only vanishing instanton number, these associated mapping give nontrivial indices, which 
obviously are analogous to those of the of the CP" W-surfaces and of their 1 associated 
surfaces. The only difference is that in CP" case we constructed an osculating frame out of 
f(o) = f ^ . . . ^ f(fc-i)_ Since A^ can be obtained from by replacing f("~^) by f^"\ we obtain. 

Definition 20 Generalized 'intersection numbers'. 

They are defined by the instanton number Uk of the k-th associated mapping of C"-W- 
surface, 

z/fc = — / dzdzqif = — dzdzddAk = — dzdz — ^"'"1 ^""^ . (4.39) 
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These n — 1 integrals have exactly same topological meanings as those of higher instanton 
numbers in CP"~^-W-surface. Polyakov's index corresponds to the first index, i.e. the 
instanton number of the associated mapping into CP^~^. 

It is easy to express our new indices out of the third fundamental forms. Rewrite Eq. p.27 , 
with a 7^ 1 as 



a-l 



D 



1=1 

a— 1 



1=1 



La\f^lGa+li 
La\f^l^a+1- 



(4.40) 



Since one has La = \l g^zS) it follows that the numbers Va are such that 



2^ , dzdzLl 



(4.41) 



5 Outlook 



This article has gone quite a way towards describing W-geo metrics. Yet, many problems 
remain untouched, many more aspects deserve our attention. Let us mention a few of them. 

Concerning the case itself, it will be interesting to consider the Poisson-bracket struc- 
ture and its relation with the Lie-brackets of tangent vectors to CP". This should be straight- 
forward. Another point is to derive the light-cone formulation of W-gravity in the present 
frame- work. It should correspond to a particular parametrization of CP". 

Clearly the next problem is to derive the other Toda dynamics and WZNW theories from 
W-geometries. The coset viewpoint discussed in the appendix is a first step in that direction. 

A much more difficult task is of course to consider quantum W-geometries. It is our 
expectation that the quantum group structure already exhibited PB| [ P^] for W gravity will 
emerge. Indeed, in the present classical discussion, the algebra gl{n + 1) plays a crucial role. 
In the same way as for Toda theories[29|, it is likely that quantum effects will lead to its 
associated mathematical "quantum" deformation. 

The similarity between CP" W-geometry and matrix-models, shows that the method just 
discussed is very general and may be a unifying framework for all the problems related to 
conformal theories and strings. In particular it may be convenient in the search for the true 
string-ground-state. 

We may forsee interesting progress in the future. 
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A Appendix 

A.l Frenet-Serret equations for CV^ 

In section 2.2, we wrote down the Frenet-Serret formulae for CP" through the approach 
which is covariant by local rescaling. We have seen that the additional Toda field in C""*"^ 
W-surface can be cancelled using this covariance. However, in order to accomplish it, we 
had to include the zero-th derivative term of the embedding functions to define the moving 
frame. The correspondence with the second and third fundamental forms became not so 
direct due to this strategy. Moreover, this method seems to be very specific to the An Toda 
theories, and it is useful to apply the general strategy we put forward in our letter 

The standard description of CP" makes use the Fubini-Study metric Eq. |2.35| , denoted 



Gab^ together with the so-called inhomogeneous coodinate system, which satisfy 

X° = X° = 1. (A.l) 

Thus the embedding functions are supposed obey the conditions /°(^) = 1, and P{z) = 1. 
This is clearly not always possible since, starting from any parametrization, one goes to the 
present one by dividing the coordinates by X°, or X°. This scale choice may be made only 
if /" and /" have no zero. Let us assume that this is true, in the present section, in order to 
proceed. We define an analogue of the metric tensor Eq.|27 



9^J = E Gab f\z) d^^P{^)- (A.2) 



A,B 



The apparent drawback to use the strategy of section 2.1 for the curved space is that the 
higher order derivatives of the embedding functions do not transform covariantly under the 
target space reparametrizations. Hence formulae like Eq. |A.2| make sense only when we work 



with a particular coordinate system similar to the W-parametrization of section p.2| . The 
interesting point is that every argument in section 2.1 is valid with only minor modifications 
to this situation, which is, to be treated following our earlier general scheme |]T]]. In the 
present case, the moving frame case is given by Eqs.p.4|, p75| after replacing by cjiy We 
define A and as in Eqs. |2.6| and p^.l8| by using the same replacement. A minor modification 



is needed in definition of the derivatives de and de. They should be consistently replaced 
by the covariant derivative, 

(VeJ^ = E /(^)- + r^^e^) , ( VeJ^ ^ ^ [0^ + r|^ef ) , (A.3) 



throughout the discussion. This modification is needed in order to keep the condition Eq. |2.13| 
where the metricity is used. The Christoffel symbols take simple forms for the Fubini-Study 
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metric, 

. 5acX^ + 5abX^ SaqX^ + 5abX^ 

El=oX''x^ ' El=oX^x^ ■ ^ ' 

Using of covariant derivatives in Eqs. |A.3| ensures the validity of the discussion that leads to 
Eqs. p.l4 . The Gauss-Codazzi equations become, in agreement with ref.0] 

[V,a]e, = E^Le^, (A.5) 

b 

([V,a]e.)^ =E f''''^''' {[^b^BsKY = j:f^'^'f'^^n^ (A.6) 

with 

^ n ^ n—1 In \ 

i=i i=i \j=i I 

As we see here, due to the contribution of the target-space curvature, we do not directly 
get the exact form of the Toda equations. However, CP" is known to possess a constant 
sectional-curvature, that is to say, the curvature-tensor satisfies^ 

(a, 7^(b, c)d) = (a, d)(c, b) - (a, b)(c, d). (A.8) 

Writing, 

= 9a0, + exp , (^ = l,---,n-l) 

F„ = dd~K. (A.9) 

is more explicitly rewritten as 

Ft-Ft-i = (e,,7^(9f,af)e,) = Ai i = 2,---,n 

Fi = Ai. (A.IO) 

Solving these equations, we get 

Fi = Ml. (A. 11) 

The relation between the present discussion and the one of section 2.2 is clarified by 
establishing the following 

Proposition 9 The relation between the tau-functions and A-functions is given by 

A, = r,+i/r^\ (A.12) 



The notation b, d (a, c) represents tangent vectors which only have chiral (anti-chiral) non- vanishing 
components. 
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Proof: First, we observe that the inner product in Eq. [A.2| is given by the free-fermion inner 
product (here Q stands for Q{z,z)) 



In the last hne, we apphed Wick's theorem. Further use of this theorem gives the proof of 
the proposition, 

A„ = rf 2Met,j=i...,(l|V'je?V^+|l) = rf'^-^(a + l\G\a + 1) = r„+irf '^"^ (A.14) 

Q.E.D. 

This leads us to replace the Toda-like field by the true Toda field = — Inr^. It is 
such that 

= +l)<l>i. (A.15) 

In terms of this Toda field, Eqs. |A.l(i| and |A.11| become, 

dd^n+i = (n + l)(55$i+exp(2$2-$i)) 
dd^i + exp{2^i - $^+1 - <l>^_i) = i{dd<^i + exp(2$2 - *i)), (A.16) 

{i = 2---,n). 

This result becomes closer to the well-known An Toda equation. However, the coincidence 
is still not exact. Clearly the above equations are consequences of Toda equations, that is 
(9(9$! + exp(2$2 - $i) = 0, dd^e + exp(2$^ - $^+1 - ^e^i) = 0, 2 < £ < n, dd<^n+i = 0. 
However we missed the first and the last. On the other hand, proposition ^ can be used to 
complete the derivation. Indeed, it was shown in ref.[0 that, apart from the last one, the 
above Toda equations are automatically true if the ith Toda field is equal to r^. Combining 
this last observation with Eqs. |A.16| , one gets the desired result. Finally, we make use of 
proposition |^ to derive the 

Proposition 10 Liouville solutions. 

The induced metric of W-surfaces embedded in CV^ satisfies Liouville's equation. 

Proof: The induced metric is gu (see Eq. [A.2|) . According to proposition^, and Eq. p.48| , one 
may write 

911 = — = -2 • (A.17) 

'1 '1 

With the present choice of coordinates (Eq. |A.l| ), f^{z) = f^{z) = 1, and the Wronskians 
Uo{z), and Uoiz) are respectively equal to f^^^^{z), and f^^^^{z). One gets 



^11 = /w^(^)/«^(^)/(i + f\z)f\z)y , (A.18) 
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which takes the form of Liouville's general solution. Q.E.D. 



This solves the mystery pointed out in section 2.1 



Although the approach of this appendix has drawbacks, it certainly has the merit of being 
applicable to arbitrary Kahler target-manifolds. Moreover, in this approach the relationship 
with extrinsic geometry is manifest. 



A. 2 Bosonization rule for non-relativistic fermion 

In this article, we have used non-relativistic fermions to describe W-surfaces. Bosonization 
of these fermions]^ gives the explicit form of the Frenet-Serret formula in terms of the tau- 
functions and their derivatives with respect to the KP coordinates. Special care is needed 
because we discuss fermion states with finite particle-numbers. The modifications of the 
ordinary bosonization rules ||2^ for this case were investigated in refs. \\i'J\\ , and |T^. In the 
following, we give a more direct proof. 

Let us first describe the main statement of our bosonization rule. Writing, 

oo oo 

^(C) = E ^sC, ^+(0 = E ^sC-'-\ (A.19) 

s=0 s=0 



Proposition 11 Bosonization Rule. 



m\n + l) = Cexpf-E^J,") |n) 



oo 



We remark that although our fermions are 'truncated' as in Eq. [A.19| , the bosonization 



formula has basically the same form as for relativistic Dirac fermions [p4 
Proof: We first derive several lemmas. 

Lemma 3 

{mcn)---m)\n)= n (o-o)- (A.21) 

l<i<j<n 

Proof: In order to prove this identity, we have to observe that the LHS of Eq. |A.21| is a 
polynomial of order n — 1 for each Q, which is antisymmetric with respect to replacements 
Ci ^ Cj- These two conditions already prove that the LHS has to be proportional to the 
Vandermonde determinant which appears on the RHS. The coefficient can be determined 
through a direct comparison of a particular term, say, ■ ■ ■C2, of the both side. Q.E.D. 

Next, we calculate the effect of insertions of fermion and current operators. They may 
be summarized by the following, 

The bosonization of nonrelativistic fermions in the context of the c = 1 matrix model was discussed 
in using the method developed by Jevicki-Sakita ]3l| . The relation between our bosonization rule and 
theirs is still not clear. 
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Lemma 4 

(0|V;(Cn)---^(CiMC)l^ + i) 

{mcn)---HCi)\n) " 



n(C-C.), (A.22) 



imCn)- ■■i^iCi) Je\n) ^ " , 

Proof: The first line, Eq. |A.22| , is a simple consequence of the specific form of the Vander- 
monde determinant, Eq.[A.21. 



The second line is proved by using the Wick's theorem as follows, 

(0|^(Cn)---^^(Cl)^+(C)l^-l) 

i=i ^ 

"1 1 \ 

i = l S <5i jjli {^l ^j) J 

= (n^) (0|^(Cn)---^(Cl)H. 

Here, we use a anticommutation relation, [ilj~^{(),ip{(i)]^ = — Q), (assuming |^| > |^j|) 
and an identity, 

n / n 1 \ 

E n 

i=0 \j=0,jj^i '^^ '^J I 
which can be proved by induction with respect to n. 

Eq. |A.24| is a simple consequence of the commutation relation [J^,^/'(C)] = — C^^(C)- 
Q.E.D. 

The third lemma in the following will give a direct relation between fermion and current 
insertions. 

Lemma 5 

n I CO /-—t I n \ \ 

n(c - Q = c exp I - E V I ^^1 1 ■ ^^-25) 

Proof: This fact is a straightfoward consequence of equality, 

C-0 = Cexpln(l-C/0). 
Q.E.D. Combining the last two lemmas, we get the relations, 

{mCn)---^{Ci)m\n + l) = C(0|V^(Cn)---^(Ci)exp(^-f;^J,^ |n) 
(0|^(C„)---^(Ci)^+(C)|n-l) = C-"(0|V^(Cn)---V^(Ci)expff;^J,') In). 
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This readily completes the proof of the main theorem (|TT|) of the present section. Indeed, the 
states {^lipiCn) ■ ■ '"^(Ci); span a complete set of n-fermion states. Thus any n-particle state 
which is orthogonal to all of them must vanish, so that Eqs. |A.20| follow. This completes our 
proof of the bosonization rule. Q.E.D. 

Finally, we briefly describe how to get Eqs. p.38 from Eg. A.20| . When we discuss the 
tau-f unctions, we can make the replacements, 

Ji ^ 



because we use the Hamiltonian exp(X]i^o JiZ^ )■ When we expand the exponential on the 
RHS of Eg. A. 20 with respect to the variable we get the Schur polynomials of djdz^^^ 
described in Eg. |3.39| . In order to get the corresponding formulae for the anti-chiral sector, 
one simply interchanges i\} ^ tp^, and kets ^ bras, everywhere. 



A. 3 W- geometry in the Matrix Model 



Last year, W-algebraic structures have been exhibited [p^] in the discrete formulation of the 
two-dimensional gravity, i.e. in the matrix model. The W-constraints, which are eguivalent 
to the Schwinger-Dyson eguations, give an alternative formulation of the Painleve-Douglas 
eguations. It was also discovered that the A^o Toda field theory governs the coupling-constant 
dependence of the system. Therefore, it will be interesting to clear out the relation between 
the present work and the matrix model. Actually, one can find a one-to-one correspondence 
between their basic concepts. Furthermore the free-fermion theory which describes both 
models is the same non-relativistic one. In the following we would like to describe the 
"dictionary" between them. We restrict our attention to the two-matrix model for simplicity. 
The generalization to other model does not seem to imply any essential difficulties. 

After one integrates over the angular part, the partition function of the two-matrix model 
is reduced to the integration over the eigenvalues^, 

Z{[9], m = / n dKACX)e^^''^'-^ / n dXfsAiX)e^^''^'^^^'^^^ (A.26) 

a=l •' p=l 

where A is the Vandermonde determinant and, 

N _ _ ^ _ 

e=i £=i 



This integral is identical to the determinant. 



Z{[g],[g]) 



N 



det Ftv, 
/ Too 



F 



AT-IO 



F, 



(A.27) 
(A.28) 



ON-l 7V-lAf-l 

For lack of letters, we gave up the consistency of notations between this particular appendix and the 
rest of the article. We hope that there will be no confusion. 
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where 

r,,- = (A^Y) (A.29) 
(/(A), /(A)) = /^;A/(A)e^(^'5) /rfA/(A)e^(^'^')+^\ (A.30) 



The standard technique to solve this problem is to use the orthogonal polynomials. By 
carefully choosing their coefficients, one can find polynomials of order i, 

I 

-Pj? = A + Ci^i-\\ + • • ■ = ^ C^sA* 

s=0 

P, = A^ + A_i,A^-^ + --- = ^A^A£ (A.31) 

s=0 

s.t. the inner products between them are diagonal, 

iPr,Ps)=hr6rs = B;}. (A.32) 

The partition function is then given by the product over h, 

N-l 

Zm[9])= n hr. (A.33) 

r=0 

We are using the specific notation in the above discussion in order to make it clear that 
the procedure above is nothing but the Gauss decomposition of the matrix F, 

r = C-^B-^A-\ (A.34) 

This fact already proves that the two- matrix model is described by the ^Ar-Toda the- 
ory. These observations were most explicitly claimed in ref. 1^^. Comparing Eq. |A.34| and 



Eqs. p.68 - 2.65 , it is obvious that the mathematical structure that underlies the matrix model 



and the moving frame are identical. The correspondence is 

Moving framee, e <^=> Orthogonal polynomial P, P. 
W frame f^''), f^'') ^ Monomials A^ A^ 

r/,j (Eq.pD ^ {TN)ir 

In order to get more informations on the eigenvalues h, it is important to know the 
recursion relation between the orthogonal polynomial, 

e+i _ e+i 

XP, = J2 ^isPs, AP, = PsGsi. (A.35) 

s=0 s=0 

These equations appeared in the moving-frame Eq. |3.73| . Hence the matrices JF, Q in this 
equation should be identified with the F, G matrices of Eqs. p.61| - |3.64 The orthogonal 



polynomials satisfy similar formula if we replace z^, z'^ by gp,gg. This gives the lax pair 
equation in two matrix model. 

In this way, we see that the mathematical background of matrix models and CP^ W- 
surface are the same, if we replace the size of matrix from n + 1 by A^. In matrix models, 
we are interested in the limit N oo. It may be interesting to know if the global geometry 
of the W-surface we observed in this paper has some consequences in that limit. It might 
provide us new topological insights into the structure of two dimensional gravity. 
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A. 4 Group-orbits of the fundamental weights 

In this paper, we have seen how A„-Toda field theory, and the conformally reduced 
WZNW-dynamics are equivalent to embeddings of W-surfaces in CP". Thus group theory 
came out from the geometry. In the present appendix, we reverse the viewpoint and start 
from Kahlerian manifolds that are coset spaces, so that their group meaning is there from 
the start. We shall see, how this group emerges again when one turns the crank described 
above. This will clarify its origin, and show a way of looking for embedding spaces, whose 
W-surfaces are associated with the other classical Lie algebras. In addition, the connection 
with Grassmannians, which has been so important for section 4, will emerge in a natural 
way. 



A.4.1 The general situation 

There are many coset spaces that are Kahlerian manifolds. At this moment, the most 
interesting cases for us are the ones corresponding to the fundamental representations. At 
first we recall some classical results. The notation is standard. Consider a semi-simple lie 
algebra g, in the Chevallcy basis, hi, are the Cartan generators {i runs form 1 to n = rank 
of g). Let E±j be the step-operators associated with a set of primitive roots. If the roots are 
noted (Jj, the fundamental weights Aj are such that \.OLj2jo?- = Sij. We shall be interested in 
the cosets G/Hj obtained by the action of the maximally non-compact Lie group associated 
with g, on the highest- weight state \\j >. Hj is the stability group of \\j >. It contains the 
subgroup A/+ generated by Ea with a; G (/?+ ( where ^9+ is the set of all positive roots) but is 
bigger. Indeed, E_a\Xj > vanishes for a G 9?+ if Xj — a is not a weight of the representation 

— * 

associated with Xj. In general, Hj is generated by the Lie algebra 

hj = {Ea, OL G (^+; £^-/3, /9 G (^+, Xj — j3 not a weight; hk, k ^ j} . (A. 36) 

According to the common wisdom, one may parametrise G/Hj, at least locally, as follows. 
Denote by Cj = g — hj the set of generators of g that are not in hj . This set is not closed as 
a Lie algebra, but any element of G/Hj may be written as 



exp ^y^^ X^cj}j \Xj >, Ca & Cj, A = 1, ■ ■ ■ , dim. of G/Hj. 



(A.37) 



We shall be concerned with the Kahlerian manifolds of coordinates X-^ and X^, with Kahler 
potential 

Kj = In < Xj I exp ^- exp X'^c^ \Xj > . (A.38) 

This geometrical situation is directly related with the general solution of the ^-Toda equations 
{K^^ is the Cartan matrix of g) 

dd^i = - exp I ^ Kf ^j J (A.39) 
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derived by [|r^ . Indeed these authors have shown that the general solution of these equations 
is of the form 

e-"^' =< Xi\M-\z)M{z)\X^> e-^^^'^-^^^'\ where (A.40) 

n n 

dM = MY, Sj (z) E_j , BM = MY^A^) Ej , 
i=i i=i 

ei(^)=E^f^~'ln.,(z) , g(z)=Ei^f-Mn.-,(^). (A.41) 

j 3 



Sj{z) and Sj{z) are arbitrary chiral functions. Comparing these last relations with Eq. [A.38 
one sees that, for the W-surface with coordinates X^{z), X'^{z), such that 

M{z)\X,>e-^^^'^ = exp(^^X'^(^)cA^|A, > 

M(z)|A, >e-«>") = exp(^X^iz)c^\X,>, (A.42) 

$j is the Kahler potential of the metric induced in the W-surface. 

A.4.2 The case of A„ 

The notations are the same as in section 2.3 

/ii = b+b,-b+ibi+i, ^i = b+ibi, E_, = E+, (A.43) 

but here i runs from 1 to n + 1 in agreement with the standardnotations. The vector-space 
span by Cj, i = 1, ■ ■ ■, n + 1, Cj.ej = 6ij, and 



di = ei- Ci+i, Xi = Y ej — Y (A.44) 



Y ri+l 
j=l + - j=l 

The highest-weight states are 

|Aj- >= b+b+_i---b+|0 > (A.45) 

The coset space associated with Ai The above general scheme gives 

h, = {^^+®{E_,,^^l}®{hi,^^l}} 

ci = {{b+bi,A; = 2, ■■■,« + l}©/ii}. (A.46) 
G/Hi, which is equal to Sl{n + 1)/Sl{n) ® GI{1), is parametrized by 

n+l 

e^'\)t\0>, with^]l = ^i/ii + Ex'^b^bi. (A.47) 

k=2 
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Straightforward computations give 



X' = x^(^^-^^y X^ = x^(^^-^y for A > 3, (A.48) 

/C = ei + 6 + In (^1 + X5 X^X^^ . (A.49) 

The CP" Fubini-Study metric comes out as expected. Solving Eq. |A.41| gives the coordinate 
of the W-surface 

dXiSi{xi) dX2S2{x2) ■ ■ ■ j dXA-lSA-l{xA~l) (A. 50) 

Arbitrary In that case, 

hk = {^f+®{\>pg,q<p<k,oIq>k}®{hi,i^k}} 

Ck = {{\^pK,q<k,p> k]®hk}. (A.51) 

Writing an arbitrary point of G/Hk as exp{Qk)\^k > , one may compute f^'^, for p < k, hj 
letting 

^Y^fP,j^+^ (A.52) 



e '^p: e 



3 
j 



This gives 

exp(n,)|A, >= (T. f'^KJ ■ ■ ■ (T. f'''%)\0 > (A.53) 

This is a redundant parametrisation, since this expression is unchanged of one replaces f^'^, 
p = 1, ■ ■ ■ k hj J^itt^f^''^ with a an arbitrary k x k matrix. Thus G/Hk coincides with the 
Grassmannian Gn+i,k as is well known. The coordinates of the W-surfaces may be taken 
to be f 'P'^ = d^"^'^^ f^'^ which coincides with the associated embedding. This last form gives 
back the form of the solution written in [H . 
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